INCOMPUT ABILITY IN NATURE

S.Barry Coopef
Departmenbf Pure Mathematics
University of Leeds
Leeds.S29JT

U.K.

pmtéshc@leeds.ac.uk

Piegiorgio OdifreddV
Dipartimentodi Matematica
Universita dggli Studidi Torino
Via Carlo Alberto10
10123Torino

Italy

odifreddi@dm.unito.it

Abstract To what extentis incomputabilityrelevant to the materialUniverse? We look
at waysin which this questionmight be answeredandthe extentto which the
theoryof computability which grew out of the work of Gedel Church Kleene
and Turing, cancontritute to a clearresolutionof the currentconfusion. It is
hopedthatthe presentationvill be accessibléo the non-specialisteader
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1. An Historical Parallel

To the averagescientist,incomputabilityin naturemustappearaslikely as
Oactiorat a distance@ust have seemedeforethe appearancef Newton®
Principia. One might expect expertisein the theory of incomputability N
parallelingthatof alchemyin the seventeenttcenturyN to predisposeneto
anacceptancef suchradicalnew ideas. But specialistrecursiontheoristsas

“Thebrstauthomwouldlik eto acknavledgethesupporiof EPSRCResearciGrantno. GR/M 914190 Tiring
DePbnability@luringthe preparatiorof this paper andalsotheencouragemerndclaribcatiorderivedfrom
anumberof usefulcorversationsvith Geoge Barmpaliasvhile preparinghe bPnalversionfor publication.
YBoth authors@esearchwas partially supportedby INTAS-RFBR ResearchGrant no. 97-0139,0Com-
putability andModelsO.

137



138 COMPUTABILITY AND MODELS

agrouphave shavn remarkablyittle interestin themoregeneraimplications
of theirwork.! Part of thereasorfor thisis tricky technicalobstaclego even
formulatingappropriatenotionsandquestiongoncerningcomputabilityin the
realworld.

However, at a purely intuitive level, one hasa seeminglyunproblematic
modelof adeterministicevenmechanicalUniverse.lts scientbcfoundations
were Newtonian mechanicsandits philosophicalbasismost clearly traced
backto Laplace©predictve demon? The modelliveson in contemporary
sciencesurviing, atleastin therecessesf thescientistsmind, theproliferating
challengesooldcertainties.In particularit hasachiezedanuneasyoexistence
with notionsof randomnesga very specialkind of incomputability)forcedon
ushby greatekknowledgeof subatomigghenomena.

And so,despitehedevelopmenbf themathematicatheoryof computability
initiated by Gedel Turing, Church PostandKleenein the 1930s,0neis still
left with uncertaintyasto how it appliesto therealworld. Onecangetanidea
of thescopefor quitecontrastingbut arguablyvalid, approacheto quantifying
incomputabilityin naturéncomputability in Naturefrom the secondauthor®
discussionof Church®thesisand its extensions(in the brstvolume of his
book on OClassicaRecursionTheoryO).Sowhatis missingfrom the picture
we have? How could a belief (or otherwise)in incomputabilityin naturebe
substantiatedAnd how canoneenrich,improve, and make more explicit a
mathematicamodelfor whatis happening?

OneapproachN the searchfor overtincomputabilityN is to take mathe-
maticalequationknown to accuratelydescribesomenaturalphenomenorand
to extract solutionsexhibiting incomputabilityin somegenerallycorvincing
form. Or, ontheotherhand to amguethatthe persistentailureof thisapproach
increasinglyconPrmsthereto be no suchincomputabilityto identify.

Whatwealensthis latter positionis the obvious obsenation that efforts to
consolidateheLaplacianmodel,onafoundationof new scienceandanappro-
priatemodelof the underlyingmechanismsseemevenmorehopelessWhile
onecanpointto quiteplausibleobstacle$o overtness.Theremay; for instance,
bemathematicatonstraint®nwhatincomputabilitiecanbedescribedwhich
makeit hardto getto gripswith thecomputability or otherwise pf thosenatural
phenomendor which we do have correlative mathematics.

1Somehave seerthedevelopingterminologyof thesubjectitself N thereplacingof Turing®Ocomputable®
by Kleene®0recurseCN asbeingintimately relatedto a turning away from its rootsin real problems. It
maybeno coincidencehattherecentreinstatemenof Turing®terminologyhascomeatthesametime asa
grawing concernpothwithin andwithout the specialismaboutwhetherclassicarecursiontheoryhasary
signibcangeneraimplications.

20f course,Laplacehimself did not setout to pravide ary suchmodel, andit is only twentiethcentury
sciencewhich allows usto view the conceptuaframenork he helpedestablishin suchterms.
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For instancewe have in mind the failureto discover C)natural&amplesof
incomputablesetsof integersfrom amongsthe rich variety of incomputable
Oalmostomputable(.e. computablyenumeable) sets. This currentlack of
mathematicallynaturalexamplesof incomputablesetshasbeenusedasanar-
gumentagainstbeinginterestedn suchthings. But naturalnes#n therariped
atmospheref the university pure mathematicglepartments a very different
thing to thatof everydayusage.Thatvery mathematicalinnaturalnessf most
setnf numbersnaybewhatpresentsinobstacleo overtincomputabilityof ob-
jectsOristingin or causedy nature®.It is well-known thatoneneedsiomore
than high schoolmathematicgo describeincomputablesets(all computably
enumerablesetsare diophantine got by looking for solutionsto appropriate
equationsfrom basicschoolarithmetic); but that thoseknownto be incom-
putablecomewith descriptionswvhich canbetied in closelyto diagonalising
techniquesn computabilitytheory (debnitely not part of the normal school
syllakus!).

One can relax the overt approachby looking for incomputability which
emegesfrom mathematicavhich looks somevhat like the mathematicone
seesappliedscientbcally But despitevarious proposal$ in this direction,
scepticgendnot to be impressed.They bndplenty of scopefor arguing that
the mathematicgnvolved is not typical, or for throwing doubton the role of
incomputabilityin it.

Finally one must admit that to thosenot involved, such detaileddiscus-
sionsseemfairly academic.Why shouldthosewithout a directcareerinterest
carewhetheractualincomputability (suitably formalised)occursin Nature?
Evenif it did occur for all practicalpurposeshow wouldit bedistinguishable
from theoreticallycomputabléut very complex phenomena®Vhetherchaotic
phenomend suchas turbulenceb involve complity or incomputabilityis
interesting but doesit really matter?

Fortunately thereis anotherapproachiN let® call it the mathematicakhp-
proachN which renavsthelink with Newton. Thisis adirectionrootedin the
old debateaboutwhethercomputabilitytheoryhasary usefulconsequencdsr
mathematicetherthanthosewhosestatementslependon recursiontheoretic
terminology Until recentlythe evidencewasevenlesspromising. Recently
Soarehassoughtto presensomeinterestingmathematic®riginatingwith re-
searcherfrom outsidecomputabilitytheory whichbothdepend®nthetheory
of incomputablesets,andat leastlooks like mathematicsvith real-world ex-

SFromthe depnitionof Onaturai§ivenin TheNew Oxford Dictionary of English 1998edition.
4Probablythe best-knavn andmostcorvincing of theseis thatof PourEl and for noncomputablesolutions
to thewave equation.In fact,someclaim this doesrathermorethanOlook . somevhatlik e themathematics
oneseesappliedscientibcallyO.
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planatorypower. This givesan, admittedlyvery weak, parallelwith Newton
andactionatadistance.

Itisworth notingthatactionatadistancewasnotNewton@directconcernbut
wasanincidental,if remarkablejngredientin a comprehensie mathematical
theorywith whatwasrapidlyacknavledgedo beinvaluablesxplanatorypower.
Not eventhe inversesquardaw originatedin isolationwith Newton, but was
familiar to RobertHooke and others. What Newton haddonewasto go far
beyond Hooke® obsenation, and to develop a body of mathematicsvhich,
with the sortof difbculty oneis familiar with in correlatingmathematicsvith
nature,was capableof explaining obserationswhich had no other known
explanation. He proved a striking parallel betweenmathematicatheoryand
obsenred physical phenomenato the point wherepredictionscould be made
andcorbrmed.And acceptancef actionatadistancebecameatthattime,an
unavoidableby-productof thetheory

Of coursethereis no correspondingbigpicture®bviously emeging from
what Soaredescribes But it doesseemimportantasanindicatorof how cer
tain aspectof the complicatedmathematicsxeededo describethe material
universemay well be implicit in the richnessof the theory of computability
This would not be surprisinggiven that algorithmsseemto underliethe gen-
erationof structurein the classicaluniverse. But beforespeculatingon how
materialphenomenaan be locatedwithin a theoreticalframevork basedon
thisunderlyingalgorithmiccontentwe shouldbrstask: Is therearything very
importantleft for computabilitytheoryto explain? Insteadof looking for arole
for computabilitytheory let® very brieRy examinethe natureof gapsin the
scientbc ObigictureGandthewaysin which theconteniof proposedemedies
pointsto anaddedrole for mathematicatheory

2. Matter and Mathematical Debnability

Thereis no shortageof writings, both popularandspecialistjooking atthe
mary fundamentafuestionsstill facingscienceandmostof us have a fairly
goodideaof whatremaingo beexplained.Letusstepback,andgetanovervien
of someof themoreintractablequestiongpuzzlingworkersin thesciencesand
humanitiesandask: Whatis the missingmathematicgif any), andhow canit
help?

A key elementin very mary controsersiesappearso be the interaction
betweenthe local and the global, and what appearto be breakdevnsin the
reductive structurescommonlyrelied on in scienceand epistemology The
deterministicstructuresverely onappeato bepunctuatedby whatonecanbest
describeasphasdransitionsbetweerdifferentlevels of familiar relationships.
Apart from the obvious puzzle of quantumwave reductionsand associated
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non-locality, thereare debatesconcerningthe reductive natureof evolution,
andits relevanceto socialandpsychologicaphenomenaaboutthe originsand
exactnatureof consciousnessndof conceptsandcreatie ideas;concerning
the origins of life on earth,and of the laws of naturethemseles; andeven
concerninghenatureof truthin mathematicsAt thesameime, new sciences
oftenbasednsituationsvherethetraditionalreductionsrenolongeradequate
(chaostheory being particularly relevant here). As one obsenes a rushing
streamponeis awarethatthe dynamicsof the individual units of Bow arewell
understood. But the relationshipbetweenthis and the continually evolving
forms manifestin the streamssurfaceis not just too complex to analyseN

it seemgo dependon globally emeging relationshipsnot derivablefrom the
local analysis. The form of the changingsurface of the streamappearso
constrainthe movementsof the moleculesof water while at the sametime
beingtraceabldackto thosesamemovements.The mathematicatounterpart
is therelationshipbetweerfamiliar operationsandrelationson structuresand
globally arisingnew propertieshasedon thoselocally encountereanes. For
example(onerelevantto new theoriesof theUniverse) consistengis aproperty
of theorieshasedntheatomicprooftheoretideaturesf thetheoryN namely
theassumptionandpermitteddeductions Consistengin turncanbeperceved
asaconstrainbnthosesameatomicelementsandonwhatthetheorydescribes.

Thedrive for acompletelysatishictoryinterpretatiorof quantumheoryhas
led to theories suchasthat of decoherengewhich routinely have recourseo
suchglobal notions, notionswhich were until relatively recentlyof interest
onlyto thosewith aspeciainterestn logic. Now evenGedel®Incompleteness
Theoremis cited (usuallyinappropriately!)in relationto quantumandepiste-
mologicaluncertainty Unfortunately the essentiakervicelogic hasgivento
mathematicandotherareassuchascomputingdoesotearnit remissiorfrom
its traditionalmaiginalisation! New notionscomingout of currentresearclare
absorbedasslowly asever. In this contet, the little understood\ even by
mathematician8! notionof mathematicatiebnability is thekey mathematical
conceptwith the potentialto clarify a broadrangeof fundamentaproblems.
Many questionsn quantuntheory prooftheory andepistemologycanbebest
understoodasa breakdavn of debnability in anappropriataunderlyingmath-
ematicalmodel. At the sametime, othermysteriessuchashow the classical
universeescapetheunderlyingguantunambiguity andhow naturalawsarise,
canbetracedbackto theright notion of debPnability in the right mathematical
structure.

Withoutgoinginto mathematicatletail, it is easyto give anintuitive ideaof
whatdebnability is, andhow it relatesto anotherusefulnotion, thatof invari-
ancedepbnabilityandinvarianceThis not necessarilybecausdhe notionsare
very simpleones(they arenot), but becausehey do correspondo phenomena
intherealworldwhichwealreadyatsomdevel, areveryfamiliarwith. Wehave
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alreadyhadthe exampleof the stream,with its micro- and macro-dynamics.
Theemepgence(a vogueword) of form from chaos of globalrelationswithin
turbulent ervironments,is a particularly vivid metaphorfor the assertionof
debnability, or invariance. Let us take a simple mathematicakxamplefrom
arithmetic.

Giventheusualoperation+ of additionontheset of integers,it is easyto
seethatthesetE v of evenintegersis le from + within  via theformula

X2Ev () (Oy)y+y=Xx):

Soall we meanby arelationbeingdePnablefrom someotherrelationsand/or
functionson a given domainis thatit canbe describedin termsof thosere-
lationsand/orfunctionsin someagreedstandardanguage.Of course there
arelanguage®f varying power we candecideon, in which sayonecanallow
saydifferentlevelsof quantbcation. In theabove example we have usedvery
basicbrstorder languagewith bnitary quantibcationoverindividual elements
of theintendecdomainN wesaythatE v is Prstorderdebnablefrom + over .
Whathashappeneds thatwe startedoff with justanarithmeticaloperationon

, buthavefoundit distinguishegertainsubset®f fromall its othersubsets.
Intuitively, we bPrstfocusedonadynamic3ow within thestructuregivenlocally
by applicationsof theformn + m to arbitraryintegersm; n. Butthen,standing
backfrom the structure,we obsered somethingglobal N seemedo fall
into two distinct parts,with Bow relative to evenintegersconstrainedentirely
within E v, andRow from outsideE v beingdirectedinto Ev N with Ev being
a maximalsuchsubsetof . Fromwithin the structure,+ is obserableand
canbe algorithmicallycaptured.Furtherthanthat, we aredealingwith OlavsO
which cannotberelatedto thelocal withoutsomehigheranalysis.This feature
of theintegersis notof courseadeepone,but it doesactasabasicmetaphofor
otherwaysin whichmoreor lessunexpectedjlobalcharacteristicsf structures
emepgequite deterministicallyfrom local infrastructure.

The notion of invariancegives a useful,if slightly more abstractway of
looking at such phenomena. Being able to uniquely describea feature of
a structureis a measureof its uniqueness.But somefeatureof a structure
may be quite unique,without one being able to describethat uniquenessn
everydaylanguage. Mathematically we usethe notion of automorphisnto
capturetheideaof a reomanisationof a structurewhich doesnot changeary
of its properties A featureof thatstructureis invariantif it is left Pxedby ary
automorphisnof the structure.Obviously if onecanuniquelydescribesucha
feature jt mustbeinvariant,but not necessarilgorversely Ontheotherhand,
ary relationinvariantin astructurecanbedebnedn thatstructurejf oneallows
a suitablestrong(but no longervery naturalmaybe)language so debnability
canbethoughtof asproviding a hierarcly of invariantrelations.
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The main remainingquestionis: How can one turn a metaphorinto a
model? In what sort of mathematicaktructurecanwe bnd debnablerela-
tionsdePnabilityand correspondindgailures of debnability, with real world
explanatorypower?

3. Finitism in a Universewith Algorithmic Content

Oneoftenheargheview putthatconsiderationsf computabilitymusthave
limited relevanceto a clearly bnite Universe. In outline, the agumentis that
onecananalysehe Universein termsof its quantumstructure.This entailsa
discreteN andaccordingto all theevidenceN Pnitemodel. Sincethe model
is large,computabilityis relevantto the scientbc project. Butincomputability
hasaboutasmuchsignibcancdor acompletedescriptionof the Universeasit
doesfor ary otherpniterelationalstructure suchasagraphN thatis, none.In
fact(seethe discussiorof Church&thesisin volumel of ClassicalRecusion
Theory no discretemodelN Pniteor otherwiseN presents likely hostfor
incomputablegohenomena.

Quantumindeterminag presentdittle problemfor suchan outlook. One
eitherexpectsanimproved scientbc descriptionof the Universein moreclas-
sicalterms,or, morecommonly onetakesquantunrandomnesasagiven and
superimposemoretraditionalcertaintieson top of that.

Thelatterperspecitieis alsocommonto world views thatmake no assump-
tions aboutdiscretenesslt hasthe advantage(for the Laplacianin quantum
clothing) of incorporatingincomputabilityin the particularform of random-
ness,without ary needfor ary theoryof incomputability The origins of in-
computabilityin mathematicsnaybetheoreticalput notin therealworld, the
view is.

Let ustry to developamorecoherentalternatve world view.

We brstlook at how scienceis done,andwhat relevancethis hasto what
scientistsaretrying to describe.As RichardFeynmanoncepointedout® Oltis
really true, somehwv, thatthe physicalworld is representablen a discretized
way, and... we aregoingto haveto changehelaws of physicsOBut it doesnot
follow thatthemathematicmeededs correspondinglyiscrete. Theredo exist
certainarcaneproposalsn logic for reconstructingragmentsof mathematics,
but nothingof practicaluseto the working scientistcanbe claimed. Much of
appliedmathematicseemsrrevocably dependenbn limiting processeand
descriptionsn termsof realnumbers.Moreover, work on nonlinearphenom-
enahave madeus very aware of the fact that one cannotaccuratelydescribe
comple ervironmentswithin a bxed level of approximationN one cannot

50n the otherhand, if onelimits oneselfto the usualcomputabilitymodels,the notion of randomnessf
Pnitestringsseemso provide a brststeptowarda muchneededheoryof incomputabilityof Pniteobjects.
6see[Fe82]
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avoid working within thefull systemof realnumbers.In the broadercontext,
thereis widespreadwarenessf theinadequag of PnitarylanguageN every-
day sentencedl for capturingtruth of a more abstrachaturethan scientbc
facts. Philosoply often seemsan unendingprocesof translationof intuition
into words,while thereadingof a philosophicakext usuallyentailsa creatve,
ratherthanformal, recreatiorof intuitive content. The epistemologicatole of
sentencei everydaylanguageseemsnot unlike that of the rationalnumbers
in science.

We have to ask: Is it plausiblethat a Universethat compelsusto usethe
mathematic®f the realsto describeit, actuallyderivesits propertiesfrom a
mathematicgualitatvely no differentto thatof a very big graph?Onesurely
Pndssucha discontinuity betweenreality and descriptioneven lesssatishc-
tory thanthatbetweerthe mathematicef incomputabilityandanunexplained
guantumuncertainty Betterto putto onesidefor the momentthe possibility
of aUniversebasedentirelyonthe mathematicef thediscrete.lt seemsnore
likelythattheobsenreddiscretenesis somethingmposedy naturalawsonan
underlyingindiscretemathematicainodel. And thatthesenaturallaws emege
from the modelitself much as doesthe surfaceform of our rushing stream
ervisagedpreviously.

Therearealsomoremathematicaleason$or lookingfor anindiscretanodel.

Theremay be little sciencecansayaboutwhy things exist, but it is with
mathematicshatthescientbcprojectbegins. Thewayin whichform develops
in thatwhich comesto exist is basedon mathematicastructure.Mathematics
seemso prebgure. But N like joining a club, or enlistinginto a culture N
the opportunitiesfor developmentprovided comewith accompaying rules,
pressureandresponsibilities And thesemaynotbepredictableN theordinary
citizen of nineteen-thirtie<Germary had little ideathat they were part of a
socialformationthatwouldbuild somonstrouslhontheirindividualaspirations
andideals. Fromits origins (whatever that means!) the Universerelieson a
mathematicablueprintto narrav down its variouspotentialincarnations. It
Osignsip&to an underlyingmathematicamodel, not by choice, but just by
theactof cominginto existence.Canwe sayarything aboutthe mathematics
prePguringthe Universe?

Whattransformsnchoatedevelopmentindgivesformto creationjs theway
in whichchangebecomeprocessWhaterertakesplacein thenascentniverse
appeargo be comprisedof basickinds of atomic actsof development,with
repetitionformingthebasisof furtherdevelopment.Processearefundamental
to matterandthe laws which governits formationsand development. They
donotseento be bnitarily determinedfor exampleby piecemeatiependeng
on the member<f their realworld domain,but canbe ervisagedrelative to a
wide rangeof extrapolationdrom whatwe actuallyobsene. Theseprocesses
are what we broadly describeas Othealgorithmic content@®f the Universe.
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Most of thesefundamentaprocesseglentibedby sciencearecharacterisetly
enoughpredictability of immediateeffect to be coveredby the connotations
of suchterminology Sciencesincethe time of Newton, at least,hasbeen
largely basedntheidentipcationandmathematicatiescriptionof algorithmic
contentin the Universe. We will look at phenomenal primarily subatomic
phenomend which appearto defy suchdescription,in section6 below. It
turnsout that theseexceptionscanbe understoodhs arisingat the borderline
betweerinvarianceandnonirvariancein anappropriatenodel. In this context
they actuallyconsolidateurview of thealgorithmicnatureof thefundamental
processesnderlyingmaterialdevelopment.

Anyway, the main obsenation hereis thata pnite structurewith the sortof
algorithmiccontentwe Pndin the Universeis very differentto, say agraph,in
thatit entailsOuncompletdédpnitiesOA fragmentof the naturalnumbersover
which oneallows the usualoperationsof arithmetic,is bestunderstoodn the
contet of thetheoryof the whole structure.In the sameway, the algorithmic
contentof the Universemalesit subjectto the principlesgoverningthe math-
ematicalwhole of which it is a part. Finitenesf the collectionof all atomic
particles(evenassumingonecanmake sensenf sucha conceptionannotre-
move thegenerahlgorithmiccontenttheaccompaying limiting processesyr
obviatethe highermathematicatelationstheseentail.

Theadmissiorof algorithmiccontentis whatmakesanonsensef a strictly
Pnitist view of theuniverse and,aswe will seein section6, offersyetanother
exampleof how particularexplanationeemegefrom largermathematicaton-
texts than have immediatecounterpartsn natureN suchaswith imaginary
numbers,or at a mathematicalevel, resultsin numbertheory coming from
nondiscretanathematics.

Moreover, the mathematicamodelemenging not only transcend$nitism,
but alsodiscretism. One canervisagehow real numbersin the form of un-
completedinpnities feedinto physical reality, and determinea mathematical
modelwhichis notdiscrete.For instance peopleroutinelyattemptto mentally
simulateeventsin theinterestsof reconstructindistory andpredictingfuture
circumstancesand modify their activity accordingly In thatthis simulation
caninvolve sequencewith no specbc bound,aswhenonesaytriesto actto-
wardsaworld withoutwarandfamine onecansaythatthereis anuncompleted
inPnity which hasa directrealworld impact. Onehesitatedo admit cerebral
phenomenavhich qualitatively transcendvhat goeson in other partsof the
realuniverse. In factone canarguethat suchmentalsimulationsderive from
thebrain@capacityto physically simulateothercomplex materialphenomena.
And thatthe Universeis quite capableof acceleratingincompletednpnities
into thehereandnow via its own nonlinear oftenturbulentactuity, involving a
globally extendingnetwork of interactionselevantto aparticuladocal descrip-
tion. Thelimiting processesinderlyinglocal descriptionsn termsof global
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phenomenaintrinsic to turbulent ervironments,canbe betterunderstoodria
thestandardierarchieof realnumberdoundin computabilitytheory andwe
will returnto thisin the next section.

But to summariseif theingredientsof a simplemathematicatonstruction
N suchasthatof therealsfrom thenaturalnumbers\ aremateriallymanifest,
thenoneshouldnot expectthe Universeto be excludedfrom thatconstruction.
Specbcally, this leadsto a corvergencebetweenthe mathematicsand the
scientbcpriority givento descriptionsn termsof realsandrelationsbetween
them. We now take this alittle further

4. The Inseparability of Algorithmic Content, Complexity
and Incomputability

Mathematically algorithmic contentand incomputability are inseparably
linkedin sufbciently complex ervironments.An elementaryconstruction(in-
volving diagonalisingthrougha list of all machinecomputablereals)gives
anincomputablereal. But for our purposesye needto limit our attentionto
mathematicaktonstructiongor which the basicingredientshave an olvious
physical counterpartanddiagonalisatiorat Prstsightappeargo belimited to
what mathematicianslo. More relevantly, all real numbersare derivable as
thelimit of asequencef computableN in factrationalN numbers.Evenif
onelimits oneselfto computablesequencesf computablenumbersN thatis
uniformly computablesequencesf realsN onestill getslimiting realswhich
arenotcomputable.

However, one needsto look more closely at how incomputability arises
from the mathematicof algorithmsto be surethat all the basicingredients
areapparenin, say theturbulentervironmentsve have focusedon previously.
Whatis it makesit impossibleéo computeagivenincomputablebutcomputably
enumerableset of naturalnumbers? The membersof the setare of course
enumeratedy somecomputablefunction from numbersto numbersN  but
not in orderof magnitude. The relation betweenthe magnitudeof input and
that of the outputis broken. And sincewe areonly interestedn the output,
we would needa possiblyuncompletablesearchto computablydiscover if a
particularnumberwasin the setor not. In the caseof anincomputablereal
appearin@sthelimit of auniformly computablesequencef reals thisappears
asanabsencef a computablemodulusof corvergenceof the sequenceThe
breakingof the link betweeninput and outputhappensn the sensethat one
cannotbeclearatary givenpointin thesequencéow closeanapproximation
to the limiting realis beingcurrently provided. Whatis therein the caseof
chaoticsituationswhich corresponds?

A well-known exampleof chaoticbehaiour is thatof a pile of sandbeing
accumulategrainby grain. Thereis anunpredictabléink betweertheorderin
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whichthegrainsof sandaredepositedn the heap,andthe consequenimpact
onthepile in termsof settlementf existing grains. Thisis justthe sortof un-
predictabilityof associatiometweerinputandoutputthatwe seemo need.In
fact,it hasbeensaidthatthe ButteiRy EffectOpr moretechnicallythe Gensi-
tivedependenceninitial conditionsOs theessencef chaos.Soasufbciently
sensitve mathematicamodelfor turbulent ervironmentsnot only cannotbe
discreteput will involve limiting processegvhich have the sortof ingredients
neededo generaténcomputableslements Mathematicallytheneedfor anin-
Pnitary sequencef approximationsloesnotdependnwhatis corventionally
regardedasa chaoticN or turbulentN ervironment. Evenapparentlysimple
phenomend suchasadrippingtapN exhibit chaoticbehaiour. The non-
linearity of themathematicganbeapproachedia asuperpositiorf inPnitely
mary linear factors,closelyrelatedto how onewould naturally approximate
theeventin questiorviaindividualcomputablenteractions.Theassociatiomof
incomputabilitywith simplechaoticsituationsis not new. For instance Geog
Kreisel sketchedin [Kr70] a collision problemrelatedto the 3-body problem
asapossiblesourceof incomputability

At thispointthereademightobjectthatwe aredoingexactlywhatwe earlier
suggestedavasa pointlessexercise,namelytrying to provide directargumen-
tation in favour of incomputabilityin Nature. No, we are underno illusion
thatwhatwe have saidsofar providesany morethana preliminarybasisfor a
beliefthatthe universeis incomputable Whatwe aretrying to do is corvince
the readerthat he or she shouldseriouslyconsidertaking the mathematical
modelsuggestedy the above discussiorQorapproalOasit were. Any good
salespersofandwe hopeto usethe termwithoutits usualpejoratve associa-
tions) would admitthe prospectre purchasetheir doubts. The aim would be
to provide sufrcienttechnicabackgroundandinformative argumentatiorio at
leastjustify the time andeffort involvedin gettinga brst-handexperienceof
whattheproductcanactuallydeliver. Thesalespersomayaverthatthereis no
substitutefor having the productin your handsandtrying it outin the privagy
of yourown home.But onemustbepersuadethatthereis actuallysomepoint
in doingthis, andfor this reasonwe have hopefully presentedhe scenarian
which onemightwantto atleastconsidemwhatthemodelN the Turing model
N potentiallyprovidesin theway of explanatorypower.

It is now time to mustdescribehemodelin moredetail,anddiscussertain
technicalquestionconcerningt which asyetremainunresoled.

5. A CloserLook at the Turing Model

In 1939Alan Turing, puzzledby therole of incomputabilityin mathematics
andlogic, introducedTuring machinesvith oraclesasaway of comparinghe
(in)computabilityof differentreals. EssentiallyoracleTuring machinesvere
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machinescapableof working in the realworld of information,in the form of
realnumbers Theresultwasanaturalmodelfor structureslescribablén terms
of computableaelationsover realnumbers.Our Universewould beanobvious
candidatdor suchastructurewereit notfor thefactthatcertainbasicnatural
processearenotknown to give riseto computableelationsonreals.Whatwe
have promisedthoughis thatsuchphenomenare modelledvia ananalysisof
invarianceanddebnabilityin the basicTuring model.

Historically, the investigation of the propertiesof the Turing modelwere
initiated by Emil Postin the earlynineteerforties,anda seminalpaperwritten
largely by StepherKleene but co-authoredvith Post appearedn 1954. By
thattime, theinteresthadbecomealmostentirelymathematicalasrel3ectedin
the nameQrecurse functiontheory@iven by Kleeneto the new subject. The
originalmotivationsof TuringhadbeenN necessarilyt canbearguedN side-
linedin favourof anintensvetechnicadevelopmentjustpartof whichinvolved
effortsto describahe Turing universein moredetail. It wasnot surprisingthat
realworld applicationgid not bgurethroughoutherecursiortheoreticperiod
(roughlythesixty yearsstartingwith thediscovery of incomputableobjectsby
Churchand Turing in 1936). On the onehandonehadthe confusingway in
whichrealworld incomputabilitymanifestedtself, andontheotheronehadan
asyettechnicallyinadequateubject,quiteinsufcientto developandexplain
ary modellingprocesst might be partof.

By the 1990sfew couldignorethe signsthatnot everythingwasgoingwell
with the subject. The long-termsurvival of a mathematicabeldwith noreal-
world applicationsdependsn whatit delivers,yearin, yearout, to thewider
mathematicatommunity And in particular whatit offersto new studentsand
professionalsto mathematicians/orking in otherareasandto theinstitutions
within which they work. To outsidersclassicalcomputabilityhad becomea
deepsubjectwhich wasmaybetoo deep;in which coreresearchhadbecome
hazardousand,evenby the standardef fundamentakcientbc researchlack-
ing predictability of outcome;in which mathematicabpplicationsdepended
onrecursiortheoreticderminology;andin whichtheundoubtedontrikutionto
theoreticalcomputerscienceand constructve mathematicslid not dependon
the sort of thingsthat recursiontheoristscurrently occupiedthemseleswith.
Even insiderswho instinctively reactedagainstary consciouslypolitical re-
sponsefound problemsin pursuinga purely mathematicahgendaandwere
themselesoftencaughtupin thedrift away from coreresearch.

Thingsstartedto changein earnestaround199596. Thesechangesvere
rootedin two seeminglyunrelateddevelopmentspnephilosophicakandpolit-
ical in content,andthe othertechnical. The Drstinvolvedadeliberateattempt
to re|nstateTurmg@termlnologyln keepmgwﬂh the subjects}orlglns in real
world questiondN Ocomputablédplaceof OrecurseCetc. N a projectout-
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lined in RobertSoare£1996 paperon OComputabilitand recursionO.The

otheroriginatedin 1995with the brstseriouschallengeto the mathematical
perspectie which haddictatedthedirectionof coreresearchor morethanten

years,andinvolved the discardingof mathematicatertaintie(in moreways

thanone)in favour of complexities which startlingly seemedo parallelsome
of thoseapparenin the realworld. We will say more aboutthe specbcsof

this below. It is not clearto mary whatwill be the eventualoutcometo this

transitionaryperiod,andsofar the impactof the accompaying confusionon

the standingof computabilitytheoryhasbeenlargely negative.

What lost its reveredstatusaround1995wasthe so-called®iinterpretabil-
ity conjectur®whichit washopedwould leadto anextremalcharacterisation
of the Turing debPnablerelations,to the point wherethe Turing universe,asa
mathematicastructure would berigidly pinneddown by thoserelations.The
idea had beenthat one could avoid direct involvementwith the multiplying
compleities of Turing®structure beyondwhatwasneededo translatet into
themorefamiliar theoryof (secondrder)arithmetic. This relationshipwould
deprive the Turing universeof muchof its potentialto surprise andmale de-
tailed investigation of Turing debnability of little more mathematicainterest
thanthe detailsof arithmeticalcalculations. And for a numberof yearsthe
bi interpretabilityconjectureheld a gorgon-like fascinationfor recursionthe-
orists/ while offering a mathematicallyelegant but no lessstory endto the
subject.

Let ussaya bit moreaboutrigidity for the nonspecialistWhenonesaysa
structureis Origid@ meansntuitively, thattravellerswithin the structurecan
uniquelypin down their locationby looking aroundthem. Or moreprecisely
cartographicallghetravellercannoimistakehisorherpositionN for exampleit
is clearif themapis beingheldthewrongwayround! Everyfeatureof thestruc-
turehasauniquelydeterminedylobalcontext. It is like ateamin which every
playerhasa uniquelyfulbllable role. If the playersexchanggerseys amongst
themseles,theteamis nolongerwhatit wasN thestructurehasbeenchanged
by this relabelling. A relabellingof a structureunderwhich it is not changed
is calledan automorphism A rigid structureis one which hasno nontriial
automorphismsln computabilitytheoryareducibilityis anattemptedrdering
of mathematicabbjectsaccordingo agivenlevel of perceptionof information
content.It consistf the collectionof thosespeckc reductionsconformingto
thepermittedevel of perception.Turingreducibilityis aparticularlyimportant
reducibility, comprisedof reductionshasedon everydayalgorithmicpractice,

At aninternationalconferencén Helsinkiin 1990, the brstauthor§suggestionin answerto a question
from the audiencethatthe Turing universemight not berigid, attractedndulgentsmiles. The next day, a
distinguishedspecialsessionspealer found Turing rigidity Oalmostertain@n thelight of somary known
Turing dePnableelations.



150 COMPUTABILITY AND MODELS

wherebyonecomputegelative to Pnite collectionsof dataextractedfrom the
realworld. Reducibilitiescanbelimited asto thesizeof thecollectionsof data
used,or asto the way they are presentedpr asto the mannerin which one
computeson them. Thesearecalledstrong reducibilities. Thereis an histori-
cally importantstrongreducibility called many-oneaeducibility which canbe
regardedasanabstractiorof translationdetweeraxiomatictheories andthis
givesriseto astructurewhich hasfew debnablerelationsandis very un-rigid.
Ontheotherhandtherearereducibilitieswhich areallowedalevel of inbnitary
interrocation of a given real, or even of objectsmore complicatedthanreals
(sayinbnite setsof reals,or setsof trangonite ordinals). Suchreducibilitiesare
the domainof genealised recursion(or computability)theory andalthough
sofarlackingobviousreal-world counterpartspften have very strongintuitive
content. An exampleof a structurearisingfrom a more generalreducibility
is that of the hypedeagrees, wherealgorithmsrelative to realsarereplacedoy
very generalanguage-baseductionsN andthis structuredoesturn out to
berigid.

The intuition wasthat Turing reductionswere mathematicalljthe wealest
adequatdo extract enoughinformationfrom a given real to uniquely bx its
relationshipto the universeof the reducibility. Of course this is modulothe
intercomputabilityof certainpairsof reals. To take accountof this, it is usual
to gathertogetherinto degreescollectionsof objectsof the domainof the
reducibility which are mathematicallyequivalentin this sense. So a Turing
deggreeis amaximalsetof realsary two of which canbe Turing computedrom
eachother Theserealscanbethoughtof aspresentationsf the sameTuring
accessiblenformationcontent.lt wasthefrustrationof this intuition thatgave
rise to what may seemin hindsighta bizarreresponseo Turing nonrigidity,
thatis a disappointmenthatthe reducibility was, perhapsnot the Oright®Gne
mathematicallyOnewould now look for somerecognitionof the parallelwith
theencountereihadequaciesf scientbcobsenration,andmoregenerally of
the power of the Universeto uniquelydetermindts own structure.

Therearetwo otherobsenationsof atechnicalnatureto be made.The brst
is that Turing nonrigidity is not yet Pnally establishedccordingto the usual
criteria of the academiccommunity What hashappeneds that progressn
the otherdirection hasall but halted,despitethe mostdeterminedefforts of
leadingresearcherms the Peld. And no signiPcanttechnicalchallenge gither
in the form of counter&amplesor technicalqueries,hasbeenmadeto the
increasinglydetailedproposalfor a nontrivial automorphism.The latter has
beenpresentediow at a numberof internationalmeetingsmostcorvincingly
duringasix-hourinvited talk atthe AMS-IMS-SIAM JointSummerResearch
Conferencein Computability Theory and Applications at the University of
ColoradoBoulder in Junel999. Thefactthattheissueremainsunresohedis
partlyameasuref thenevnessandinitial compleity of thetechniquespartly
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amanifestatiorof a severely underresourcedesearctareasignallyfailing to
keeppacewith its own technicadevelopmentand(perhapsnostsignipcantly!)
dueto themathematicaandpresentationdimitationsof thosefew individuals
directly responsible Also N andthis is the mainreasorfor writing aboutthe
consequencesf work in progresN whatis happeninghasevery appearance
of a paradigmshift in progress. And not just a minor technicalshift in an
obscureareaof pure mathematicsput one of very generalimportance. A
changeas global in natureasthe phenomenat concernswhich transcends
theincrementalprocessesf normalscience andin which an appreciatiorof
context mayfeedbackinto adeepeunderstandingf narravly technicalssues.
Thedevelopmentof stringtheoryis anexampleof theway in which the sheer
explanatorypower of atheorycanactuallycontributeto the mathematics.

Secondly one hasto mentionthat just asimportantas nonrigidity is the
counterbalancingpody of resultsestablishinga high level of invariancein the
Turing universe. One of thesesaysthat thereare relatively few N at most
countablymanyN Turing automorphisms.To understandsomeof the most
relevant of theseresultsone musthave someappreciationof the closerela-
tionshipbetweenthe way onemight describea realin standardnathematical
languageandits locationwithin the Turing universe. It turnsout thatif one
hassucha descriptionof a real,which oneknows to bethe simplestpossible,
thenonecanroughlylocateits positionin the Turing universein avery natural
way. Importantlandmarksin this location are provided by naturally arising
realswhosedescriptionsnvolve arelatively smallnumberof quantbers. Most
importantly one hasthe Turing equivalentgroup of incomputablerealsdis-
coveredby Churchand Turing in the 1930s,degreetheoreticallydenotedby
0% Occupying a positionabove 0° similar to that of 0° above 0 (the setof all
computablaeals)is a degree0®. Whatis remarkablds thatabove this level a
Turing automorphisntando no morethanmove a givenrealto onewhichis
Turing equivalentto it. Thatis, the Turing universeabove 0@is rigid within the
wholestructure.

6. ScientibcallyPresentingthe Universe

We needto sayalittle moreaboutwhatwe meanby a mathematicamodel
for the Universe. This hasbeenleft deliberatelyvagueup until now, and
aswe shall see,a degreeof vaguenesss inherentin the natureof scientbc
knowledgeitself. Flexibility is also a feature,and a strength,of scientic
practiceasregardsthe detailsof mathematicamodelling via assignmentef
realsto parameters Whatwe aretalking aboutis a scientbcpresentatiorof
the Universevia someinformative mathematicastructure. The mathematics
needgo rel3ectthe ingredientsof the currentscientbc picturewe have of the
Universe. As we have tried to amgue above, scientbc descriptionsare based
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on the real numbers. This is not becausave necessarilybelieve thatthe real
numbersactually enableus to capturereality, but becausehey are what we
have foundby experienceo provide a practicalscientbcframevork. Thesort
of scientbc presentationve have in mind is notonecurrentlyusedin practice
to dealwith the sortof fragmentsf the Universewhich scienceneedgo focus
on in isolation. We stayedcloseto suchlocal presentationsn our earlier
discussiorof turbulenceandthe generatiorof incomputability A featureof
thatdiscussiorwastheway in whichthe new incomputablaealsderivedtheir
specbc propertiesfrom the algorithmic contentof the chaoticenvironment.
Thisiswhatisrequiredn acomprehensemathematicainodelhichdescribes
theUniversein termsof Oatomid@formationcontentdescribedia reals. That
is, the algorithmic contentof the Universe,asrevealedto us by the scientic
project, needsto be re3ectedby the comprehenske presentationn termsof
reals. This will enableoneto correlatethe mathematicatlescriptionwith the
physicalprocessem aninformative way.

In summary the modelmustref3ect the picture which sciencein principle
providesof theway we experiencethe Universe with a comprehensie struc-
turing of the information contentof that descriptionin accordancewith the
obsened processeat work. Of coursewithout makingary assumptionse-
garding underlyingreality N evento assertthat a given objectexists, using
someagreedanguageis to translateour experiencento a scientbc statement
N all thatis beingsoughtis somethingwhich is in accordancavith whatwe
obsere. Thatis, we look for a mathematicaktructurewithin which we may
informatiely interprethecurrentstateof thescientbc enterprise Thispresen-
tationmaybedonein differentways,onemustassumebut if differing modes
of presentatioryield resultsvhichbuild acohesve descriptiorof theUniverse,
thenwe have anappropriatenodellingstrateyy.

Part of our experienceof scienceis whatseemsanintrinsic fragmentation,
in which the reductive structureof the Universeis not a good guideto what
happenst differentlevels of scientbcapplication. In section7 we will look
more closely at how the proposedmodel explains this in terms of internal
invariance. All thatneedgo beobseredfor themomentis thatjustasdifferent
fragmentsof the scientbc enterpriseare basedon their own basicrelations,
whosecomple reductive relationshipgso morebasicfragmentsaresuppressed,
soit mayturnoutthatourcurrentmethodof presentatioignoresotheryetto be
discoveredbasiclevels. Whatis importantis thatthe scientbc pictureis now
sufbciently blled out for the Turing modelto have somethingo tell usabout
the way the world we live in is aswe currentlyexperienceit. Onemay have
to make certainassumptionabouthowmud of the Turing modelis neededo
describeour Universe put themathematicaindicationsarethatalargeamount
of informationcontenis neededor theemegenceof anythingliketheclassical
universeof well-dePnedindividual objectswe daily encounter
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Anyway, a level of Bexibility in the way one ervisagesusing the Turing
universeas a modelis an adwantage,allowing us to apply it with differing
perspecties. In particularit meansvecanervisageamodellingof theUniverse
aspartof an extendedepistemologicabtructure consistingof statementsve
canmake (in somelanguagepboutthe Universeandits mathematics.

7. What the Turing Model Delivers

The claim is that mary seeminganomaliesn sciencethe humanitiesand
humanaffairsin general stemfrom failuresof reductve analysesvhich have
senedustoowell in thepastto beeasilybypassedFurther thatwhatis lacking
is notanattackon thevalidity of suchwidely applicableanalysesbut amodel
in whichrelevantglobalfactorscanbeclaribed.And crucially, thatakey global
notionis thatof debnability or moregenerally mathematicainvariance.That
therearesufbcientindicators,of botha practicalandtheoreticanature for us
to look for a modelfor the Universebasedon presentationi termsof reals.
And thattheappropriateabstractiorof sucha Universeandits processess that
arisingfrom Alan Turing®work in thelate 1930s.

Let us assumefor the momentthat we are preparedto entertainsucha
perspectie. It is thentime to deliver N So what doescomputabilitytheory
haveto offer? Werevisit someof thethemegouchednin theprstauthor€1999
paper We have tried to make thecommentsndependentf outsidereferences,
which might be thoughtof little helpto the majority of readerswhowill have
readmary booksandarticlesof course put not necessarilfhosepreferredoy
the authors! We will alsotry to be concise at the risk of oversimplipcation.
Whatwe hopewill bestrikingis nottheextentto whichthemodelsurprisesbut
thewayin whichit supportsandtheoreticallysubstantiatesxisting perceptions
andtrendsin scienceandbeyond.

Ourmodelsaysnothingaboutthe mysteryof materialexistence.But it does
offer a framawork in which a breakdevn in reductionismis a commonplace,
certainly not inconsistentwith the picture given of levels we do have some
hopeof understandinglt cantell us,in acharacteristicallgchematiavay, how
thingscometo exist. Our basicpremise nothingnew philosophically is that
existencetakes the most generalform allowed by consideration®f internal
consisteng. Wherethat consisteng is governedby the mathematicof the
universewithin which that existencehasa meaning. Of course,within that
universe,not even the termsin which we seekto discussit canbe assumed
to have any meaningfulexistence. But proceedingegardless,assumingour
intuitive conceptof Ocreationtd have somecontent,we assumeas before,
our Universeto embodysomeprocessof development,in which processes
arebasic. We assumehe appropriatenessf presentationsf the Universein
termsof informationcontentandalgorithmicrelationshipson thatinformation
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content.We canthenappealo the mathematic®f the Turing modelto tell us
somethingaboutwhatwe mightexpectconcerningdthingnesatour Universe.
This will bea brststepin Plling in a pictureof the Universecharacterisethy
more determinism,more immanence and lessdependencen metaplysical
speculation.

What would the modellead us to expectregarding the basic structureof
matterandthelaws governingit? The mathematicaindicationsarethatalow
level of informationcontentgoeswith nonrigidityandalackof Turinginvariant
individuals. In otherwords,the structureof the Turing universeappeargo be
consistentvith thepossibilitythata givenindividualsinformationcontentmay
be insufbcientto guarantedt a uniquerelationshipto the global structure.
Thecorrespondingredictionfor a Universein tunewith thatmodelwould be
thatits mostbasiccomponentsnay materialiseambiguousl§ N a prediction
conbPrmedby a numberof classicexperimentson subatomicparticles. (The
assumptiorhasbeensinceat leastthe time of Leibniz, that reality takesall
formsconsistenthe underlyinglaws of existence which from acontemporary
pointof view tendsto meanconsisteng with the mathematicpertaining.)On
the otherhand,mathematicallyentanglingsuchlow level informationcontent,
perhapswith contentat levels of the Turing universeat which rigidity setsin,
will inevitably producenew contentcorrespondindo a Turing invariantreal.
Thepredictionisthatthereis alevel of materiakexistencevhichdoesotdisplay
suchambiguityasseenat the quantumlevel, andwhoseinteractionswith the
quantumevel have theeffectof remaving suchambiguityN corbrmedoy our
everydayexperienceof a classicalevel of reality, andby thefamiliar Ocollapse
of the wave functionCassociatedvith obsenation of quantumphenomena.
Sincethereis no obviousmathematicateasorwhy quantumambiguityshould
remainlocally constrainedthere may be an apparenton-locality attached
to the collapse. Sucha non-locality was brst suggestedy the well-knowvn
Einstein-Podolsk-Rosenthoughtexperiment and,again, hasbeenconbPrmed
by obseration. The way in which debPnability assertstself in the Turing
universeis not known to be computablewhich would explain the difpculties
in predictingexactly how suchacollapsemight materialisen practice andthe
apparentandomnessvolved.

Onecanonly speculate@bouttheoriginsof subatomicstructure particularly
sincewe do not seemto have a completedescriptionof it asyet. Oneguess
is thatwhenoneobsenesatomicstructure oneis looking at relationsdebned
on somelower level level of matterlacking ary sortof obserableform. This
could be ervisagedasa kind of formlesssoupof information contentout of
which arisepeaksof debnability obsened by usassubatomigarticles. Such

8Butin keepingwith thelimitation on possibilitiespresentedy theexistenceof only countablymary Turing
automorphisms.
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animplementatiorof themodelmightbeusedto explainwhy thehypothesised
@arkmattefin the Universehasnot beenobsered. Until it is organisedinto
relations of which particlesaretheinstantiationsye have no structurecapable
of beinginteractedwith. It would be asaliento theworld of particlephysics
asthatworld is to our classicalevel of humanexistence’

The mathematicdeadsto other scientbcally appropriatepredictions. In
particular thereis the questionof how the laws of natureimmanentlyarise,
how they collapsenearthe big bangOsingularity@nd what the model says
aboutthe occurrencer otherwiseof sucha singularity

Whatwe have in the Turing universearenotjustinvariantindividuals,but a
rich infrastructureof moregeneralTuring debnablerelations. Theserelations
grow out of the structure,and constrainit, in muchthe samesort of organic
way thattheformsobsenrablein ourrushingstreamappearto. Theserelations
operateat a universallevel. The predictionis thata Universewith sutciently
developedinformation contentto replicatethe debning contentof the Turing
universewill manifestcorrespondingnaterialrelations.The existenceof such
relationsonewould expectto be susceptiblé¢o obsenation,theseobsenations
in turn suggestingegularitiescapableof mathematicatlescription. But then
thisis a predictionwhich adumbrateshe familiar historicalprocesf the sci-
entibc mappingof naturallaws. The conjectureas thatthereis acorresponding
parallelbetweematuralawsandrelationswhicharedebnablein anappropriate
fragmentof the Turing universe.

The early Universeonewould not expectto replicatesucha fragment. The
homogenisatiorandrandomisatiorof information contentconsequenon the
extremeinterconnectiity of matterwould militate againsthigherorderstruc-
ture. The manifestfragmentof the Turing universe,basedon randomreals,
might still containhigh informationcontent,but contentdispersedcand made
largely inaccessiblgo the sort of Turing debnitions predictedby the theory
Projectedsingularities suchaswithin blackholesor associateavith boundary
statesof the Universe,dependon a constang of the known laws of physics.
But immanentlyoriginating laws must be of global extraction. This means
thattheir detailedmanifestationsnay vary with globalchangeanddisappear
even. Scientbc evidencefor time-relatedvariationsin naturallaws is at best
inconclusve, asis evidencefor the collapseof the laws of physics nearthe

90n a technicalnote, one shouldmentionthatit is not known if the Turing universeis rigid abore 0° N
only that?it is debnableandsoinvariant. A materialmanifestatiorof a Turing debnedelationwill still
be scientibcallyperceved asan entity describabléy areal, despitethe underlyingmathematicdy which
it is constrained. And the informationcontentof thatdepPnedelationwill correspondo aninbnitaryjoin
adumbratedy localinformationinformationcontenbrganisedaccordingo somecorrespondingescription.
In whichcaseonecanspeculat¢hatthelevel of elevationof informationcontenimplicit in aTuringdebnition
is dueto somecanonicalform of descriptionneededor persistencén time, or arisesfrom the conjectured
subsubatomitevel of informationcontent.
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putative singularities. But thereare persuasie theoreticalagumentsfor the
latter, associateavith thestandardnodel. And it is notunreasonabl&o expect
somecontinuity betweenthe currentUniverseand one bereft of the familiar
(andnotsofamiliar!) laws of physics.

Thereadewill alreadybeawareof themary attemptdo stretchthestandard
modelto dealwith unsatisictorygapsandanomaliesn thetheory Thearea
aboundswith theoreticatonstructdN suchasinRation mary worlds, decoher
ence thepilot wave, gaugetheory, superstringheory, M-theoryN all intended
to extendthe standardnodelin waysnotyet justibed by obseration. Someof
theseareproposal®f alimited technicalnaturedesignedo addresgarticular
problemswith the standardmodelin arelatvely piecemealway. Othersare
conceptuallymoreradical,andcanbelocatedwithin thepresenschemaThis
appliesparticularly to theoriesof decoherenceywhich in trying to reconcile
guantumambiguitywith classicaleality do seemto dealwith, in avery basic
way, theunderlyingmechanic®f mathematicatiebnability. However, without
locatingthis within the mathematicatheoryof debPnability, oneis still left with
having to resortto the metaplysicsof parallelclassicalrealities,with its un-
satishctorylack of economyandaccompaying problemswith explainingour
own specialrelationshipto thereality we seearoundus. Still otherattemptgo
stretchthestandardnodelN suchassuperstringandM-theoryN presenthe
standardnodelasa very smallfragmentof a mathematicatheorywhich goes
far beyond that arising from empirical science. Theserepresentin approach
which,while notactuallyinconsistentvith thatdescribedhere appearso share
very little in theway of new thinking.

Logically, it is well known thatonecanextenda givenincompletetheoryin
mary differentways. And that,in generalsuchanincompleteheorywill have
inPnitely mary completions.In the realworld onecanjustify ary additionto
the standardnodelvia suitablyelaboratedhuxiliary hypothesed? Soit is not
verysurprisingthatavarietyof suchproposedxtensiondo thestandaranodel
of theUniversehave appearedOr thatmorethanoneof thesehasachieredthe
statusof afully- Bedgedbaradigmwith its own committedgroupof supporters.
Occamé€Razor andthePrincipleof Parsimoly, arewhathave beerprovidedas
aformalcounterparto ournaturalscepticism.Thesesay roughlyspeakingthat
oneshouldnotincreasebeyondwhatis necessarthe numberof extrafactors
requiredto explain something.If onetakesinto accountnot just the number
of addedfactors but alsothelik elihoodof thosefactorsbeingsubstantiatetly
obsenation (eitherin a positive way or by expectednegative datanot being
found),thentheinterpretationwe have attemptedasedon physicalentitiesas
informationis aclearwinner. How canwe putacomputabléJniverseamongst

10This is roughlywhatthe Duhem-Quinghesissays.
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mary, top of ourlist? Especiallysinceotherassumptionsustbeaddedo that
of mary worldsto dealwith thestill remaininganomaliesandincompleteness
of the theory Superstringand M-theory make very different assumptions,
which arehowever no moreaccessibléo experimentalveripcation.And there
is even lessclarity aboutwhat the theory actuallyis. Thereare somevery
detailedimplicationsfor thetheoreticabasisof the standardnodel,whichthe
Turing modelhasasyet nothingto sayabout.In fact,superstringheoryseems
capableof sitting quite comfortablywithin the Turing framewnork. The aims
and consequencesf the two approacheare ratherdifferent, and potentially
complementary

Wewill look very brief3y atthe Turinginterpretatiorof otherareas.Leaving
guantumtheory onecanstill Pndalundantevidencefor bothnonrigidity, and
what appearto be new laws correspondingdo invariantrelationsemenging at
higherlevels,andrelatingto new entitiesreducibleto onesat previouslevels.
However, this evidencemaybelessscientbc, andmoresubjecto controversy
Firstly, the Turing modeldoestell us why thereis this fragmentatiorof sci-
ence,andhumanknowledgein generalandwhy we do not have computable
reductionsof oneto another As we have saidpreviously, in generala Turing
debnition of a givenrelationdoesnot necessarilyield acomputableaelation-
shipwith thedebningfactors.But working within therelationsatagivenlevel,
theremaywell be computableelationshipemeping, which maybecomehe
basidor anew areaof scientbcinvestigation. Forinstanceaesearcitoncerning
the cells of a living organismmay not be usefully reducedo atomicphysics,
but dealswith a higherlevel of directly obsened regularities. Sociologically
onestudiesthe interactionsgoverninggroupsof peoplewith only anindirect
referenceto psychologicalor biological factors. Entire relationsupon cells
(humansyebnedin someimperfectlyunderstoodvay by theevolutionarypro-
cessprovide the raw materialunderlyingthe new discipline, which seeksto
identify a furtherlevel of algorithmiccontent. This algorithmiccontentmay
not be directly expressedn termsof numbers. But inasmuchasthe areain
guestiondoeshave basicnotions,correspondingo thenew emegentrelations,
sharedoy workersin the beld,anddescriptionf entitiesandregularitiesare
formulatedin a sharedanguagethe algorithmic contentis not dissimilarin
kind to thatatlower levels.

The brstauthor®1999 papermentioneda numberof areasin which one
canobsene qualitatvely similar problems,all connectedvith parallelissues
of debPnability andnonrigidity. We briel3y review two of these,andleave the
readerto look therefor furthercomments.

A particularly puzzlingproblemis that of the early origin of life on Earth.
Whereveroneencountergxplanationsn termsof @megenc&pnecanexpect
an understandingf the notion of debnability, relative to the basicrelations
operatingto reinforcethe necessarilywagueintuitions underlyingsuchexpla-
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nations.And atary level, thereareinitially no morebasicrelationsthanthose
presentedy the fundamentabrocessepertaining. Thereare more specbc
characteristicestablishedn this basis,andthereis no intentionto dery the
importanceof the sciencebasedon suchspeckcities. In ary case,in thisin-
stancethereis anundeniablycloseparallel betweenthe intuitions underlying
debnability and thosefeedinginto more recentexplanationsof how life ap-
pearedon earthin the time available. And sometheoreticalbreakthroughs
neededgiventheconfusionbetrayedy suchspeculatie explanationsasthose
enlistingextraterrestriaintervention.

An even more high proble debateconcernshe exact natureof evolution,
andagain onecanbndonthesideof thosedissati$edwith mechanistideter
minismappealdo notionsof emegenceandchaostheory And againonecan
consolidatehesemoreglobal perspeciiesvia themathematicef debnability.
Determinismis defendedput notreducedo aclearlyinadequatenechanism.

And there are mary otherwaysin which the perspectie describedhere
canshednew light on thorry problems. For instancethereis the mysterious
emegenceof large scalestructurein the Universe,andon the otherhandthe
remarkabldactthatthe Universeappeardo presenta very similar view from
whateverobsenationpointonechoosesOnceoneacceptshebasicunderlying
natureof processandits mathematicatounterparof algorithm,andadmitsthe
possibility that the Universeis deeplyimbued with incomputability and its
mathematicsthenmary troublesomeproblemscanbe placedwithin a helpful
explanatorycontext.

In the 1999 papermentionedabore, thereis a sectionon epistemological
relativism. Thereis a basicintuition thatan analysisof the epistemologyde-
rived from our Universeis potentiallyjust ascomple asthatof the Universe
itself. Soit shouldnotbesurprisingthatthemathematicef debPnability should
berelevanthere.And it is notsurprisingthatwithout sucha conceptuaframe-
work asproposechere,differentepistemologicabpproacheshouldgive rise
to suchdiffering views of theworld. And thatsuchcontroversiesascurrently
characterisdiscussiondetweerscientistandthoseengagedn thehumanities
shouldthrive in the unblled vacuum.For reason®f spacewe limit oursehes
to afew commentsextendingthe perspectie.

We do this via what at brstsight seemsa lesspromisingexample. Math-
ematics,aswe know it, is expressedria bnitary statementsandhasat besta
problematicatelationshipwith the materialworld. Theexactcharacteof this
relationshipis still aguedover, asis the extentto which mathematicewesits
existenceo mathematiciansA puzzlinganomalyarisedrom thedominancef
theaxiomaticmodelfor mathematicahctiity, andits incompatibilitywith ex-
perienceof creatve mathematicianslt is quitetrue,oneobsenes,thathaving
discoreredsomenewn andinterestingmathematicatheorem,one canusually
translateits proof into onein somestandardaxiomatictheory The problem
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is thatthe discovery of the theoremwasnot obviously axiomatic,andthe for-
mal proofwhenassemblednaydo muchto obscureghe mathematicaintuition
telling uswhy thetheoremis true. If we look morecloselyat how we derive
the theoryitself, we may betterunderstandow it is N in the context of our
modelN thatourdiscovery of thetheoremcomesvia aroutewhich apparently
bypassesherulesof thattheory

One brstmalkesthe obsenation thatif the formal theory doesnot explain
the emegenceof the axioms,thenwhat it contributesto our understanding
of theoremsderived from theseaxioms must be limited. The unconscious
assumptioris that sincean axiom seemssimple, so must be the processof
its derivation. And that the formal connectionbetweenthe axiom and the
theoremmust be a good guide to why the theoremis OtrueOBut even the
naturalnumbers peforeary statementare madeaboutthem,arecomplecin
origin. Historically theiremepgences linkedto thatof languageandits usage
in relationto recognitionof patternspr relationson matter Numbersassuch
relationsarealreadypresenin the materialworld, andon the otherhandseem
to emepgein onesconsciousnedadependentlyf any suchexteriorsource.But
whatonecansayis thatthereexists someprocesf debnition of thesebasic
relations,which is manifestbothin natureandwithin the humanmind. And
thatthis doesnotdependntheexactbalanceof debningfactorsin aparticular
contt. It may well be that recognitionof suchrelationson the real world
depend®nsomesortof paralleldebnitionwithin ourconsciousnessyhichone
canregard asa simulationwithin the mind of phenomenavithin the exterior
world. Mental processeswhile beinga microcosmof the greateruniverseof
whichthey area part,do appeato mirror someof its compleity andhenceits
capacityfor globaldebnition. It is possibleto regard the mind asa functional
Universein miniature. Anyway, whatis importantis that the emegenceof
numberdoesshow the familiar irreducibility of phenomenoiso characteristic
of a phasetransition,to which modellingin termsof debPnability is relevant.
The naturalconjectureis that the forgottenbut complex processunderlying
the emegenceof the axiomsis whatis beingrevisited via the discovery of
theoremsandthatin bothcaseghebasisis debnabilityin termsof theatomic
ingredientghatconstituteourintuitive graspof whathappensn therealworld.
Horizontalconnectiondbetweerdifferentmathematicastatementsnay play a
role,particularlyin thetranslatiorof personaintuitionsinto asharedramewvork
of proof, but thatis not alwaysthe mostnaturalrouteto nev mathematics.

What we have aguedabove is thatit may be possibleto reconstitutethe
mathematicalramenork governingthescientbcapproachin suchaway asto
revive the senseof universalrelevanceonceassociateavith OnaturacienceO.
The stateof humanknowledgelendsaninevitably speculatre quality to what
we havewritten, but we hopethisarticlewill beacceptedvith theopennesand
generosityof spiritin whichit is offered. How appropriatéhatthe concluding
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remarksabove have the effect of giving theoreticalsupportto thosewho view
contemporarynathematicatesearclasbeingvery muchapartof thescientbc
enterprise.
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