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Abstract To what extent is incomputabilityrelevant to the materialUniverse? We look
at waysin which this questionmight beanswered,andtheextent to which the
theoryof computability, which grew out of thework of G¬odel, Church, Kleene
andTuring, cancontribute to a clearresolutionof the currentconfusion. It is
hopedthatthepresentationwill beaccessibleto thenon-specialistreader.
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1. An Historical Parallel

To theaveragescientist,incomputabilityin naturemustappearaslikely as
Ôactionat a distanceÕmusthave seemedbeforethe appearanceof NewtonÕs
Principia. One might expect expertisein the theory of incomputabilityÑ
parallelingthatof alchemyin theseventeenthcenturyÑ to predisposeoneto
anacceptanceof suchradicalnew ideas.But specialistrecursiontheoristsas
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agrouphaveshown remarkablylittle interestin themoregeneralimplications
of their work.1 Part of thereasonfor this is tricky technicalobstaclesto even
formulatingappropriatenotionsandquestionsconcerningcomputabilityin the
realworld.

However, at a purely intuitive level, one hasa seeminglyunproblematic
modelof adeterministic,evenmechanical,Universe.Its scientiÞcfoundations
were Newtonian mechanics,and its philosophicalbasismost clearly traced
back to LaplaceÕs predictive demon.2 The model lives on in contemporary
sciencesurviving,atleastin therecessesof thescientistsmind,theproliferating
challengestooldcertainties.In particular, it hasachievedanuneasycoexistence
with notionsof randomness(averyspecialkind of incomputability)forcedon
usby greaterknowledgeof subatomicphenomena.

Andso,despitethedevelopmentof themathematicaltheoryof computability
initiatedby G¬odel, Turing, Church, PostandKleenein the1930s,oneis still
left with uncertaintyasto how it appliesto therealworld. Onecangetanidea
of thescopefor quitecontrasting,but arguablyvalid,approachesto quantifying
incomputabilityin natureincomputability, in Naturefrom thesecondauthorÕs
discussionof ChurchÕs thesisand its extensions(in the Þrst volume of his
bookon ÒClassicalRecursionTheoryÓ).Sowhat is missingfrom thepicture
we have? How could a belief (or otherwise)in incomputabilityin naturebe
substantiated?And how canoneenrich, improve, andmake moreexplicit a
mathematicalmodelfor whatis happening?

OneapproachÑ thesearchfor overt incomputabilityÑ is to take mathe-
maticalequationsknown to accuratelydescribesomenaturalphenomenon,and
to extract solutionsexhibiting incomputabilityin somegenerallyconvincing
form. Or, ontheotherhand,to arguethatthepersistentfailureof thisapproach
increasinglyconÞrmsthereto benosuchincomputabilityto identify.

Whatweakensthis latterpositionis theobviousobservation thatefforts to
consolidatetheLaplacianmodel,onafoundationof new scienceandanappro-
priatemodelof theunderlyingmechanisms,seemevenmorehopeless.While
onecanpointto quiteplausibleobstaclesto overtness.Theremay, for instance,
bemathematicalconstraintsonwhatincomputabilitiescanbedescribed,which
makeit hardtogettogripswith thecomputability, orotherwise,of thosenatural
phenomenafor whichwedohavecorrelativemathematics.

1Somehaveseenthedevelopingterminologyof thesubjectitself Ñ thereplacingof TuringÕsÔcomputableÕ
by KleeneÕs ÔrecursiveÕÑ asbeingintimatelyrelatedto a turningaway from its rootsin realproblems.It
maybenocoincidencethattherecentreinstatementof TuringÕsterminologyhascomeat thesametimeasa
growing concern,bothwithin andwithout thespecialism,aboutwhetherclassicalrecursiontheoryhasany
signiÞcantgeneralimplications.
2Of course,Laplacehimself did not setout to provide any suchmodel,and it is only twentiethcentury
sciencewhichallowsusto view theconceptualframework hehelpedestablishin suchterms.
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For instance,we have in mind thefailure to discover ÔnaturalÕexamplesof
incomputablesetsof integersfrom amongstthe rich variety of incomputable
ÔalmostcomputableÕ(i.e. computablyenumerable) sets. This currentlack of
mathematicallynaturalexamplesof incomputablesetshasbeenusedasanar-
gumentagainstbeinginterestedin suchthings. But naturalnessin therariÞed
atmosphereof theuniversitypuremathematicsdepartmentis a very different
thing to thatof everydayusage.Thatverymathematicalunnaturalnessof most
setsof numbersmaybewhatpresentsanobstacletoovertincomputabilityof ob-
jectsÔexistingin orcausedbynatureÕ.3 It iswell-known thatoneneedsnomore
thanhigh schoolmathematicsto describeincomputablesets(all computably
enumerablesetsarediophantine, got by looking for solutionsto appropriate
equationsfrom basicschoolarithmetic); but that thoseknownto be incom-
putablecomewith descriptionswhich canbe tied in closelyto diagonalising
techniquesin computabilitytheory (deÞnitely not part of the normal school
syllabus!).

One can relax the overt approachby looking for incomputabilitywhich
emergesfrom mathematicswhich lookssomewhat like the mathematicsone
seesappliedscientiÞcally. But despitevariousproposals4 in this direction,
scepticstendnot to be impressed.They Þndplentyof scopefor arguing that
the mathematicsinvolved is not typical, or for throwing doubton the role of
incomputabilityin it.

Finally one must admit that to thosenot involved, suchdetaileddiscus-
sionsseemfairly academic.Why shouldthosewithout a directcareerinterest
carewhetheractual incomputability(suitably formalised)occursin Nature?
Evenif it did occur, for all practicalpurposes,how would it bedistinguishable
from theoreticallycomputablebut verycomplex phenomena?Whetherchaotic
phenomenaÐsuchas turbulenceÐ involve complexity or incomputabilityis
interesting,but doesit reallymatter?

Fortunately, thereis anotherapproachÑ letÕs call it the mathematicalap-
proachÑ whichrenewsthelink with Newton. This is adirectionrootedin the
olddebateaboutwhethercomputabilitytheoryhasany usefulconsequencesfor
mathematicsotherthanthosewhosestatementsdependon recursiontheoretic
terminology. Until recentlythe evidencewaseven lesspromising. Recently
Soarehassoughtto presentsomeinterestingmathematicsoriginatingwith re-
searchersfrom outsidecomputabilitytheory, whichbothdependsonthetheory
of incomputablesets,andat leastlooks like mathematicswith real-world ex-

3FromthedeÞnitionof ÔnaturalÕgivenin TheNew Oxford Dictionaryof English, 1998edition.
4Probablythebest-known andmostconvincingof theseis thatof Pour-El and for noncomputablesolutions
to thewaveequation.In fact,someclaimthisdoesrathermorethanÒlook.. somewhatlikethemathematics
oneseesappliedscientiÞcallyÓ.
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planatorypower. This givesan,admittedlyvery weak,parallelwith Newton
andactionatadistance.

It isworthnotingthatactionatadistancewasnotNewtonÕsdirectconcern,but
wasanincidental,if remarkable,ingredientin a comprehensive mathematical
theorywith whatwasrapidlyacknowledgedtobeinvaluableexplanatorypower.
Not even the inversesquarelaw originatedin isolationwith Newton, but was
familiar to RobertHooke andothers. What Newton haddonewasto go far
beyond HookeÕs observation, and to develop a body of mathematicswhich,
with thesortof difÞcultyoneis familiar with in correlatingmathematicswith
nature,was capableof explaining observationswhich had no other known
explanation. He proved a striking parallelbetweenmathematicaltheoryand
observed physical phenomena,to the point wherepredictionscould be made
andconÞrmed.And acceptanceof actionatadistancebecame,at thattime,an
unavoidableby-productof thetheory.

Of coursethereis no correspondingÔbigpictureÕobviously emerging from
whatSoaredescribes.But it doesseemimportantasan indicatorof how cer-
tain aspectsof the complicatedmathematicsneededto describethe material
universemay well be implicit in the richnessof the theoryof computability.
This would not besurprisinggiven thatalgorithmsseemto underliethegen-
erationof structurein the classicaluniverse. But beforespeculatingon how
materialphenomenacanbe locatedwithin a theoreticalframework basedon
thisunderlyingalgorithmiccontent,weshouldÞrstask: Is thereanythingvery
importantleft for computabilitytheoryto explain? Insteadof lookingfor arole
for computabilitytheory, letÕs very brießy examinethe natureof gapsin the
scientiÞc ÔbigpictureÕ,andthewaysin whichthecontentof proposedremedies
pointsto anaddedrole for mathematicaltheory.

2. Matter and Mathematical DeÞnability

Thereis no shortageof writings,bothpopularandspecialist,looking at the
many fundamentalquestionsstill facingscience,andmostof ushave a fairly
goodideaof whatremainstobeexplained.Letusstepback,andgetanoverview
of someof themoreintractablequestionspuzzlingworkersin thesciencesand
humanities,andask:Whatis themissingmathematics(if any), andhow canit
help?

A key elementin very many controversiesappearsto be the interaction
betweenthe local and the global, andwhat appearto be breakdowns in the
reductive structurescommonlyrelied on in scienceand epistemology. The
deterministicstructureswerelyonappeartobepunctuatedbywhatonecanbest
describeasphasetransitionsbetweendifferentlevelsof familiar relationships.
Apart from the obvious puzzleof quantumwave reductionsand associated
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non-locality, therearedebatesconcerningthe reductive natureof evolution,
andits relevanceto socialandpsychologicalphenomena;abouttheoriginsand
exactnatureof consciousness,andof conceptsandcreative ideas;concerning
the origins of life on earth,and of the laws of naturethemselves; and even
concerningthenatureof truthin mathematics.At thesametime,new scienceis
oftenbasedonsituationswherethetraditionalreductionsarenolongeradequate
(chaostheory being particularly relevant here). As one observes a rushing
stream,oneis awarethatthedynamicsof theindividual unitsof ßow arewell
understood. But the relationshipbetweenthis and the continually evolving
forms manifestin the streamssurfaceis not just too complex to analyseÑ
it seemsto dependon globally emerging relationshipsnot derivablefrom the
local analysis. The form of the changingsurfaceof the streamappearsto
constrainthe movementsof the moleculesof water, while at the sametime
beingtraceablebackto thosesamemovements.Themathematicalcounterpart
is therelationshipbetweenfamiliaroperationsandrelationsonstructures,and
globally arisingnew propertiesbasedon thoselocally encounteredones.For
example(onerelevanttonew theoriesof theUniverse),consistency isaproperty
of theoriesbasedontheatomicprooftheoreticfeaturesof thetheoryÑ namely,
theassumptionsandpermitteddeductions.Consistency in turncanbeperceived
asaconstraintonthosesameatomicelements,andonwhatthetheorydescribes.

Thedrive for acompletelysatisfactoryinterpretationof quantumtheoryhas
led to theories,suchasthatof decoherence, which routinelyhave recourseto
suchglobal notions,notionswhich were until relatively recentlyof interest
only to thosewith aspecialinterestin logic. Now evenG¬odelÕsIncompleteness
Theoremis cited(usuallyinappropriately!)in relationto quantumandepiste-
mologicaluncertainty. Unfortunately, theessentialservicelogic hasgiven to
mathematicsandotherareas,suchascomputing,doesnotearnit remissionfrom
its traditionalmarginalisation!New notionscomingoutof currentresearchare
absorbedasslowly asever. In this context, the little understoodÑ even by
mathematiciansÑ notionof mathematicaldeÞnability is thekey mathematical
concept,with thepotentialto clarify a broadrangeof fundamentalproblems.
Many questionsin quantumtheory, prooftheory, andepistemology, canbebest
understoodasa breakdown of deÞnability in anappropriateunderlyingmath-
ematicalmodel. At thesametime, othermysteries,suchashow theclassical
universeescapestheunderlyingquantumambiguity, andhow naturallawsarise,
canbetracedbackto theright notionof deÞnability in theright mathematical
structure.

Withoutgoinginto mathematicaldetail,it is easyto giveanintuitive ideaof
whatdeÞnability is, andhow it relatesto anotherusefulnotion,thatof invari-
ance.deÞnability,andinvarianceThis not necessarilybecausethe notionsare
verysimpleones(they arenot),but becausethey docorrespondto phenomena
in therealworldwhichwealready,atsomelevel,areveryfamiliarwith. Wehave
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alreadyhadthe exampleof the stream,with its micro- andmacro-dynamics.
Theemergence(a vogueword) of form from chaos,of globalrelationswithin
turbulent environments,is a particularly vivid metaphorfor the assertionof
deÞnability, or invariance. Let us take a simplemathematicalexamplefrom
arithmetic.

Giventheusualoperation+ of additionontheset
�

of integers,it is easyto
seethatthesetEv of evenintegersis le from + within

�

via theformula

x 2 Ev ( ) (9y)(y + y = x):

Soall we meanby a relationbeingdeÞnablefrom someotherrelationsand/or
functionson a given domainis that it canbe describedin termsof thosere-
lationsand/orfunctionsin someagreedstandardlanguage.Of course,there
arelanguagesof varyingpower we candecideon, in which sayonecanallow
saydifferentlevelsof quantiÞcation. In theaboveexample,wehaveusedvery
basicÞrstorder language,with ÞnitaryquantiÞcationover individualelements
of theintendeddomainÑ wesaythatEv isÞrstorderdeÞnablefrom+ over

�

.
Whathashappenedis thatwestartedoff with justanarithmeticaloperationon

�

, but havefoundit distinguishescertainsubsetsof
�

from all its othersubsets.
Intuitively, weÞrstfocusedonadynamicßow within thestructuregivenlocally
by applicationsof theform n + m to arbitraryintegersm; n. But then,standing
back from the structure,we observed somethingglobal Ñ

�

seemedto fall
into two distinctparts,with ßow relative to evenintegersconstrainedentirely
within Ev, andßow from outsideEv beingdirectedinto Ev Ñ with Ev being
a maximalsuchsubsetof

�

. From within the structure,+ is observableand
canbealgorithmicallycaptured.Furtherthanthat,we aredealingwith ÔlawsÕ
whichcannotberelatedto thelocalwithoutsomehigheranalysis.This feature
of theintegersis notof courseadeepone,but it doesactasabasicmetaphorfor
otherwaysin whichmoreor lessunexpectedglobalcharacteristicsof structures
emergequitedeterministicallyfrom local infrastructure.

The notion of invariancegivesa useful, if slightly moreabstract,way of
looking at suchphenomena. Being able to uniquely describea featureof
a structureis a measureof its uniqueness.But somefeatureof a structure
may be quite unique,without onebeingable to describethat uniquenessin
everydaylanguage. Mathematically, we usethe notion of automorphismto
capturethe ideaof a reorganisationof a structurewhich doesnot changeany
of its properties.A featureof thatstructureis invariant if it is left Þxedby any
automorphismof thestructure.Obviously if onecanuniquelydescribesucha
feature,it mustbeinvariant,but notnecessarilyconversely. Ontheotherhand,
any relationinvariantin astructurecanbedeÞnedin thatstructure,if oneallows
a suitablestrong(but no longervery naturalmaybe)language,sodeÞnability
canbethoughtof asproviding ahierarchy of invariantrelations.
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The main remainingquestionis: How can one turn a metaphorinto a
model? In what sort of mathematicalstructurecan we Þnd deÞnablerela-
tions,deÞnabilityand correspondingfailuresof deÞnability, with real world
explanatorypower?

3. Finitism in a Universewith Algorithmic Content

Oneoftenhearstheview put thatconsiderationsof computabilitymusthave
limited relevanceto a clearlyÞniteUniverse. In outline, theargumentis that
onecananalysetheUniversein termsof its quantumstructure.This entailsa
discreteÑ andaccordingto all theevidenceÑ Þnitemodel.Sincethemodel
is large,computabilityis relevantto thescientiÞcproject.But incomputability
hasaboutasmuchsigniÞcancefor acompletedescriptionof theUniverseasit
doesfor any otherÞniterelationalstructure,suchasagraphÑ thatis, none.In
fact (seethediscussionof ChurchÕs thesisin volumeI of ClassicalRecursion
Theory) no discretemodelÑ Þniteor otherwiseÑ presentsa likely hostfor
incomputablephenomena.5

Quantumindeterminacy presentslittle problemfor suchan outlook. One
eitherexpectsanimprovedscientiÞc descriptionof theUniversein moreclas-
sicalterms,or, morecommonly, onetakesquantumrandomnessasagiven, and
superimposesmoretraditionalcertaintieson topof that.

Thelatterperspective is alsocommonto world views thatmakenoassump-
tions aboutdiscreteness.It hasthe advantage(for the Laplacianin quantum
clothing) of incorporatingincomputabilityin the particularform of random-
ness,without any needfor any theoryof incomputability. The origins of in-
computabilityin mathematicsmaybetheoretical,but not in therealworld, the
view is.

Let ustry to developamorecoherentalternativeworld view.
We Þrst look at how scienceis done,andwhat relevancethis hasto what

scientistsaretrying to describe.As RichardFeynmanoncepointedout6 ÒItis
really true,somehow, that thephysicalworld is representablein a discretized
way, and... wearegoingto haveto changethelawsof physics.ÓBut it doesnot
follow thatthemathematicsneededis correspondinglydiscrete.Theredoexist
certainarcaneproposalsin logic for reconstructingfragmentsof mathematics,
but nothingof practicaluseto theworking scientistcanbeclaimed. Much of
appliedmathematicsseemsirrevocablydependenton limiting processesand
descriptionsin termsof realnumbers.Moreover, work on nonlinearphenom-
enahave madeus very awareof the fact that onecannotaccuratelydescribe
complex environmentswithin a Þxed level of approximationÑ one cannot

5On the otherhand,if onelimits oneselfto the usualcomputabilitymodels,the notion of randomnessof
Þnitestringsseemsto provideaÞrststeptowardamuchneededtheoryof incomputabilityof Þniteobjects.
6see[Fe82]
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avoid working within thefull systemof realnumbers.In thebroadercontext,
thereis widespreadawarenessof theinadequacy of Þnitary languageÑ every-
day sentencesÑ for capturingtruth of a moreabstractnaturethanscientiÞc
facts. Philosophy oftenseemsanunendingprocessof translationof intuition
into words,while thereadingof a philosophicaltext usuallyentailsa creative,
ratherthanformal, recreationof intuitive content.Theepistemologicalrole of
sentencesin everydaylanguageseemsnot unlike thatof therationalnumbers
in science.

We have to ask: Is it plausiblethat a Universethat compelsus to usethe
mathematicsof the realsto describeit, actuallyderivesits propertiesfrom a
mathematicsqualitatively no differentto thatof a very big graph?Onesurely
Þndssucha discontinuitybetweenreality anddescriptioneven lesssatisfac-
tory thanthatbetweenthemathematicsof incomputabilityandanunexplained
quantumuncertainty. Betterto put to onesidefor themomentthepossibility
of aUniversebasedentirelyon themathematicsof thediscrete.It seemsmore
likely thattheobserveddiscretenessissomethingimposedbynaturallawsonan
underlyingindiscretemathematicalmodel.And thatthesenaturallawsemerge
from the model itself much as doesthe surfaceform of our rushingstream
envisagedpreviously.

Therearealsomoremathematicalreasonsfor lookingfor anindiscretemodel.
Theremay be little sciencecansayaboutwhy thingsexist, but it is with

mathematicsthatthescientiÞcprojectbegins. Thewayin whichform develops
in thatwhich comesto exist is basedon mathematicalstructure.Mathematics
seemsto preÞgure. But Ñ like joining a club, or enlisting into a cultureÑ
the opportunitiesfor developmentprovided comewith accompanying rules,
pressuresandresponsibilities.AndthesemaynotbepredictableÑ theordinary
citizen of nineteen-thirtiesGermany had little idea that they were part of a
socialformationthatwouldbuild somonstrouslyontheirindividualaspirations
andideals. From its origins (whatever that means!) the Universerelieson a
mathematicalblueprint to narrow down its variouspotentialincarnations.It
ÔsignsupÕto an underlyingmathematicalmodel, not by choice,but just by
theactof cominginto existence.Canwe sayanything aboutthemathematics
preÞguringtheUniverse?

Whattransformsinchoatedevelopmentandgivesformtocreation,is theway
in whichchangebecomeprocess.Whatevertakesplacein thenascentUniverse
appearsto be comprisedof basickinds of atomicactsof development,with
repetitionformingthebasisof furtherdevelopment.Processesarefundamental
to matterandthe laws which govern its formationsanddevelopment. They
donotseemto beÞnitarilydetermined,for exampleby piecemealdependency
on themembersof their realworld domain,but canbeenvisagedrelative to a
wide rangeof extrapolationsfrom whatwe actuallyobserve. Theseprocesses
are what we broadly describeas Ôthealgorithmic contentÕof the Universe.
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Mostof thesefundamentalprocessesidentiÞedby sciencearecharacterisedby
enoughpredictabilityof immediateeffect to be coveredby the connotations
of suchterminology. Sciencesincethe time of Newton, at least,hasbeen
largelybasedontheidentiÞcationandmathematicaldescriptionof algorithmic
contentin the Universe. We will look at phenomenaÑ primarily subatomic
phenomenaÑ which appearto defy suchdescription,in section6 below. It
turnsout that theseexceptionscanbe understoodasarisingat the borderline
betweeninvarianceandnoninvariancein anappropriatemodel. In thiscontext
they actuallyconsolidateourview of thealgorithmicnatureof thefundamental
processesunderlyingmaterialdevelopment.

Anyway, themainobservationhereis thata Þnite structurewith thesortof
algorithmiccontentweÞndin theUniverseis verydifferentto, say, agraph,in
thatit entailsÔuncompletedinÞnitiesÕ.A fragmentof thenaturalnumbersover
which oneallows theusualoperationsof arithmetic,is bestunderstoodin the
context of thetheoryof thewholestructure.In thesameway, thealgorithmic
contentof theUniversemakesit subjectto theprinciplesgoverningthemath-
ematicalwholeof which it is a part. Finitenessof thecollectionof all atomic
particles(evenassumingonecanmake senseof sucha conception)cannotre-
movethegeneralalgorithmiccontent,theaccompanying limiting processes,or
obviatethehighermathematicalrelationstheseentail.

Theadmissionof algorithmiccontentis whatmakesanonsenseof astrictly
Þnitist view of theuniverse,and,aswewill seein section6, offersyetanother
exampleof how particularexplanationsemergefrom largermathematicalcon-
texts thanhave immediatecounterpartsin natureÑ suchaswith imaginary
numbers,or at a mathematicallevel, resultsin numbertheory coming from
nondiscretemathematics.

Moreover, the mathematicalmodelemerging not only transcendsÞnitism,
but alsodiscretism. Onecanenvisagehow real numbersin the form of un-
completedinÞnities feedinto physical reality, anddeterminea mathematical
modelwhichis notdiscrete.For instance,peopleroutinelyattemptto mentally
simulateeventsin the interestsof reconstructinghistoryandpredictingfuture
circumstances,andmodify their activity accordingly. In that this simulation
caninvolve sequenceswith no speciÞc bound,aswhenonesaytriesto actto-
wardsaworldwithoutwarandfamine,onecansaythatthereisanuncompleted
inÞnity which hasa direct realworld impact. Onehesitatesto admitcerebral
phenomenawhich qualitatively transcendwhat goeson in otherpartsof the
realuniverse. In factonecanarguethatsuchmentalsimulationsderive from
thebrainÕscapacityto physicallysimulateothercomplex materialphenomena.
And that the Universeis quite capableof acceleratinguncompletedinÞnities
into thehereandnow via its own nonlinear, oftenturbulentactivity, involving a
globallyextendingnetworkof interactionsrelevanttoaparticularlocaldescrip-
tion. The limiting processesunderlyinglocal descriptionsin termsof global



     

146 COMPUTABILITYAND MODELS

phenomena,intrinsic to turbulent environments,canbe betterunderstoodvia
thestandardhierarchiesof realnumbersfoundin computabilitytheory, andwe
will returnto this in thenext section.

But to summarise,if the ingredientsof a simplemathematicalconstruction
Ñ suchasthatof therealsfrom thenaturalnumbersÑ aremateriallymanifest,
thenoneshouldnotexpecttheUniverseto beexcludedfrom thatconstruction.
SpeciÞcally, this leadsto a convergencebetweenthe mathematics,and the
scientiÞcpriority givento descriptionsin termsof realsandrelationsbetween
them.Wenow take thisa little further.

4. The Inseparability of Algorithmic Content, Complexity
and Incomputability

Mathematically, algorithmic contentand incomputabilityare inseparably
linkedin sufÞciently complex environments.An elementaryconstruction(in-
volving diagonalisingthrougha list of all machinecomputablereals)gives
an incomputablereal. But for our purposes,we needto limit our attentionto
mathematicalconstructionsfor which the basicingredientshave an obvious
physicalcounterpart,anddiagonalisationat Þrstsightappearsto belimited to
what mathematiciansdo. More relevantly, all real numbersarederivableas
thelimit of a sequenceof computableÑ in fact rationalÑ numbers.Evenif
onelimits oneselfto computablesequencesof computablenumbersÑ that is
uniformlycomputablesequencesof realsÑ onestill getslimiting realswhich
arenot computable.

However, one needsto look more closely at how incomputabilityarises
from the mathematicsof algorithmsto be surethat all the basicingredients
areapparentin, say, theturbulentenvironmentswehavefocusedonpreviously.
Whatis it makesit impossibletocomputeagivenincomputable,butcomputably
enumerableset of naturalnumbers? The membersof the set are of course
enumeratedby somecomputablefunction from numbersto numbersÑ but
not in orderof magnitude.The relationbetweenthe magnitudeof input and
that of the output is broken. And sincewe areonly interestedin the output,
we would needa possiblyuncompletablesearchto computablydiscover if a
particularnumberwasin the setor not. In the caseof an incomputablereal
appearingasthelimit of auniformlycomputablesequenceof reals,thisappears
asanabsenceof a computablemodulusof convergenceof thesequence.The
breakingof the link betweeninput andoutputhappensin the sensethat one
cannotbeclearatany givenpoint in thesequencehow closeanapproximation
to the limiting real is beingcurrentlyprovided. What is therein the caseof
chaoticsituationswhichcorresponds?

A well-known exampleof chaoticbehaviour is thatof a pile of sandbeing
accumulatedgrainbygrain. Thereisanunpredictablelink betweentheorderin
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which thegrainsof sandaredepositedon theheap,andtheconsequentimpact
on thepile in termsof settlementof existinggrains.This is just thesortof un-
predictabilityof associationbetweeninputandoutputthatweseemto need.In
fact,it hasbeensaidthattheÒButterßy EffectÓ,or moretechnicallytheÒsensi-
tivedependenceoninitial conditionsÓ,is theessenceof chaos.SoasufÞciently
sensitive mathematicalmodel for turbulent environmentsnot only cannotbe
discrete,but will involve limiting processeswhich have thesortof ingredients
neededto generateincomputableelements.Mathematically, theneedfor anin-
Þnitarysequenceof approximationsdoesnotdependonwhatis conventionally
regardedasa chaoticÑ or turbulentÑ environment.Evenapparentlysimple
phenomenaÑ suchasa dripping tapÑ exhibit chaoticbehaviour. Thenon-
linearityof themathematicscanbeapproachedvia asuperpositionof inÞnitely
many linear factors,closelyrelatedto how onewould naturallyapproximate
theeventin questionvia individualcomputableinteractions.Theassociationof
incomputabilitywith simplechaoticsituationsis notnew. For instance,Georg
Kreiselsketchedin [Kr70] a collision problemrelatedto the3-bodyproblem
asapossiblesourceof incomputability.

At thispointthereadermightobjectthatwearedoingexactlywhatweearlier
suggestedwasa pointlessexercise,namelytrying to provide directargumen-
tation in favour of incomputabilityin Nature. No, we areunderno illusion
thatwhatwe have saidsofar providesany morethana preliminarybasisfor a
belief thattheuniverseis incomputable.Whatwe aretrying to do is convince
the readerthat he or sheshouldseriouslyconsidertaking the mathematical
modelsuggestedby theabove discussionÔonapprovalÕ,asit were. Any good
salesperson(andwe hopeto usethetermwithout its usualpejorative associa-
tions)would admit theprospective purchasertheir doubts.Theaim would be
to providesufÞcienttechnicalbackgroundandinformativeargumentationto at
leastjustify the time andeffort involved in gettinga Þrst-handexperienceof
whattheproductcanactuallydeliver. Thesalespersonmayaverthatthereis no
substitutefor having theproductin yourhands,andtrying it out in theprivacy
of yourown home.But onemustbepersuadedthatthereis actuallysomepoint
in doing this, andfor this reasonwe have hopefullypresentedthescenarioin
whichonemightwantto at leastconsiderwhatthemodelÑ theTuringmodel
Ñ potentiallyprovidesin thewayof explanatorypower.

It is now timeto mustdescribethemodelin moredetail,anddiscusscertain
technicalquestionsconcerningit whichasyet remainunresolved.

5. A CloserLook at the Turing Model

In 1939Alan Turing, puzzledby theroleof incomputabilityin mathematics
andlogic, introducedTuringmachineswith oracles,asawayof comparingthe
(in)computabilityof differentreals. Essentially, oracleTuring machineswere
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machinescapableof working in the realworld of information,in the form of
realnumbers.Theresultwasanaturalmodelfor structuresdescribablein terms
of computablerelationsover realnumbers.OurUniversewouldbeanobvious
candidatefor suchastructure,wereit not for thefactthatcertainbasicnatural
processesarenotknown to giveriseto computablerelationsonreals.Whatwe
have promisedthoughis thatsuchphenomenaare modelledvia ananalysisof
invarianceanddeÞnabilityin thebasicTuringmodel.

Historically, the investigation of the propertiesof the Turing model were
initiatedby Emil Postin theearlynineteenforties,andaseminalpaperwritten
largely by StephenKleene, but co-authoredwith Post, appearedin 1954. By
thattime,theinteresthadbecomealmostentirelymathematical,asreßectedin
thenameÔrecursive functiontheoryÕgivenby Kleeneto thenew subject.The
originalmotivationsof TuringhadbeenÑ necessarilyit canbearguedÑ side-
linedin favourof anintensivetechnicaldevelopment,justpartof whichinvolved
efforts to describetheTuringuniversein moredetail. It wasnotsurprisingthat
realworld applicationsdid notÞgurethroughouttherecursiontheoreticperiod
(roughlythesixty yearsstartingwith thediscoveryof incomputableobjectsby
ChurchandTuring in 1936). On theonehandonehadtheconfusingway in
whichrealworld incomputabilitymanifesteditself, andontheotheronehadan
asyet technicallyinadequatesubject,quiteinsufÞcientto developandexplain
any modellingprocessit mightbepartof.

By the1990sfew couldignorethesignsthatnot everythingwasgoingwell
with thesubject.Thelong-termsurvival of a mathematicalÞeldwith no real-
world applicationsdependson what it delivers,yearin, yearout, to thewider
mathematicalcommunity. And in particular, whatit offersto new studentsand
professionals,to mathematiciansworking in otherareas,andto theinstitutions
within which they work. To outsidersclassicalcomputabilityhadbecomea
deepsubjectwhich wasmaybetoo deep;in which coreresearchhadbecome
hazardousand,evenby thestandardsof fundamentalscientiÞc research,lack-
ing predictabilityof outcome;in which mathematicalapplicationsdepended
onrecursiontheoreticterminology;andin whichtheundoubtedcontributionto
theoreticalcomputerscienceandconstructive mathematicsdid not dependon
thesortof thingsthat recursiontheoristscurrentlyoccupiedthemselveswith.
Even insiderswho instinctively reactedagainstany consciouslypolitical re-
sponsefound problemsin pursuinga purely mathematicalagenda,andwere
themselvesoftencaughtup in thedrift away from coreresearch.

Thingsstartedto changein earnestaround1995Ð96. Thesechangeswere
rootedin two seeminglyunrelateddevelopments,onephilosophicalandpolit-
ical in content,andtheothertechnical.TheÞrstinvolveda deliberateattempt
to reinstateTuringÕs terminologyin keepingwith thesubjectÕs origins in real
world questionsÑ ÔcomputableÕin placeof ÔrecursiveÕetc. Ñ a projectout-
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lined in RobertSoareÕs 1996 paperon ÔComputabilityand recursionÕ.The
otheroriginatedin 1995with the Þrstseriouschallengeto the mathematical
perspectivewhichhaddictatedthedirectionof coreresearchfor morethanten
years,andinvolved thediscardingof mathematicalcertainties(in moreways
thanone)in favour of complexities which startlinglyseemedto parallelsome
of thoseapparentin the real world. We will saymoreaboutthe speciÞcsof
this below. It is not clearto many what will be the eventualoutcometo this
transitionaryperiod,andsofar the impactof theaccompanying confusionon
thestandingof computabilitytheoryhasbeenlargelynegative.

What lost its reveredstatusaround1995wastheso-calledÔbiinterpretabil-
ity conjectureÕ,which it washopedwould leadto anextremalcharacterisation
of theTuring deÞnablerelations,to thepoint wheretheTuring universe,asa
mathematicalstructure,would berigidly pinneddown by thoserelations.The
idea had beenthat one could avoid direct involvementwith the multiplying
complexitiesof TuringÕsstructure,beyondwhatwasneededto translateit into
themorefamiliar theoryof (secondorder)arithmetic.This relationshipwould
deprive theTuring universeof muchof its potentialto surprise,andmake de-
tailed investigation of Turing deÞnability of little moremathematicalinterest
than the detailsof arithmeticalcalculations. And for a numberof yearsthe
bi interpretabilityconjectureheld a gorgon-like fascinationfor recursionthe-
orists,7 while offering a mathematicallyelegant but no lessstony endto the
subject.

Let ussaya bit moreaboutrigidity for thenonspecialist.Whenonesaysa
structureis ÔrigidÕit meansintuitively, that travellerswithin thestructurecan
uniquelypin down their locationby looking aroundthem. Or moreprecisely,
cartographicallythetravellercannotmistakehisorherpositionÑ for exampleit
isclearif themapisbeingheldthewrongwayround! Everyfeatureof thestruc-
turehasa uniquelydeterminedglobalcontext. It is like a teamin which every
playerhasa uniquelyfulÞllable role. If theplayersexchangejerseys amongst
themselves,theteamis nolongerwhatit wasÑ thestructurehasbeenchanged
by this relabelling. A relabellingof a structureunderwhich it is not changed
is calledan automorphism. A rigid structureis onewhich hasno nontrivial
automorphisms.In computabilitytheoryareducibilityis anattemptedordering
of mathematicalobjectsaccordingto agivenlevel of perceptionof information
content.It consistsof thecollectionof thosespeciÞc reductionsconformingto
thepermittedlevelof perception.Turingreducibilityisaparticularlyimportant
reducibility, comprisedof reductionsbasedon everydayalgorithmicpractice,

7At an internationalconferencein Helsinki in 1990,the ÞrstauthorÕs suggestion,in answerto a question
from theaudience,that theTuring universemight not berigid, attractedindulgentsmiles. Thenext day, a
distinguishedspecialsessionsspeaker foundTuring rigidity ÔalmostcertainÕin thelight of somany known
TuringdeÞnablerelations.
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wherebyonecomputesrelative to Þnite collectionsof dataextractedfrom the
realworld. Reducibilitiescanbelimited asto thesizeof thecollectionsof data
used,or as to the way they arepresented,or as to the mannerin which one
computeson them. Thesearecalledstrongreducibilities.Thereis anhistori-
cally importantstrongreducibility calledmany-onereducibilitywhich canbe
regardedasanabstractionof translationsbetweenaxiomatictheories,andthis
givesriseto astructurewhichhasfew deÞnablerelations,andis veryun-rigid.
Ontheotherhandtherearereducibilitieswhichareallowedalevel of inÞnitary
interrogation of a given real, or even of objectsmorecomplicatedthanreals
(sayinÞnitesetsof reals,or setsof transÞniteordinals).Suchreducibilitiesare
the domainof generalised recursion(or computability)theory, andalthough
sofar lackingobviousreal-world counterparts,oftenhaveverystrongintuitive
content. An exampleof a structurearisingfrom a moregeneralreducibility
is thatof thehyperdegrees, wherealgorithmsrelative to realsarereplacedby
very generallanguage-basedreductionsÑ andthis structuredoesturn out to
berigid.

The intuition wasthatTuring reductionsweremathematicallytheweakest
adequateto extract enoughinformation from a given real to uniquelyÞx its
relationshipto the universeof the reducibility. Of course,this is modulothe
intercomputabilityof certainpairsof reals.To take accountof this, it is usual
to gather togetherinto degreescollectionsof objectsof the domainof the
reducibility which aremathematicallyequivalent in this sense. So a Turing
degreeis amaximalsetof realsany two of whichcanbeTuringcomputedfrom
eachother. Theserealscanbethoughtof aspresentationsof thesameTuring
accessibleinformationcontent.It wasthefrustrationof this intuition thatgave
rise to what may seemin hindsighta bizarreresponseto Turing nonrigidity,
that is a disappointmentthat thereducibility was,perhaps,not theÔrightÕone
mathematically. Onewouldnow look for somerecognitionof theparallelwith
theencounteredinadequaciesof scientiÞcobservation,andmoregenerally, of
thepowerof theUniverseto uniquelydetermineits own structure.

Therearetwo otherobservationsof a technicalnatureto bemade.TheÞrst
is that Turing nonrigidity is not yet Þnally establishedaccordingto the usual
criteria of the academiccommunity. What hashappenedis that progressin
the otherdirectionhasall but halted,despitethe mostdeterminedefforts of
leadingresearchersin theÞeld. And no signiÞcanttechnicalchallenge,either
in the form of counterexamplesor technicalqueries,hasbeenmadeto the
increasinglydetailedproposalfor a nontrivial automorphism.The latter has
beenpresentednow at a numberof internationalmeetings,mostconvincingly
duringa six-hourinvited talk at theAMS-IMS-SIAM JointSummerResearch
Conferencein ComputabilityTheory and Applicationsat the University of
Colorado,Boulder, in June1999.Thefactthattheissueremainsunresolvedis
partlyameasureof thenewnessandinitial complexity of thetechniques,partly
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a manifestationof a severelyunder-resourcedresearchareasignally failing to
keeppacewith itsowntechnicaldevelopment,and(perhapsmostsigniÞcantly!)
dueto themathematicalandpresentationallimitationsof thosefew individuals
directly responsible.Also Ñ andthis is themainreasonfor writing aboutthe
consequencesof work in progressÑ whatis happeninghasevery appearance
of a paradigmshift in progress. And not just a minor technicalshift in an
obscureareaof pure mathematics,but one of very generalimportance. A
changeas global in natureas the phenomenait concerns,which transcends
the incrementalprocessesof normalscience,andin which anappreciationof
context mayfeedbackintoadeeperunderstandingof narrowly technicalissues.
Thedevelopmentof stringtheoryis anexampleof theway in which thesheer
explanatorypowerof a theorycanactuallycontributeto themathematics.

Secondly, one hasto mentionthat just as importantas nonrigidity is the
counterbalancingbodyof resultsestablishinga high level of invariancein the
Turing universe. One of thesesaysthat thereare relatively few Ñ at most
countablymanyÑ Turing automorphisms.To understandsomeof the most
relevant of theseresultsonemusthave someappreciationof the closerela-
tionshipbetweentheway onemight describea real in standardmathematical
language,andits locationwithin the Turing universe. It turnsout that if one
hassucha descriptionof a real,which oneknows to bethesimplestpossible,
thenonecanroughlylocateits positionin theTuringuniversein averynatural
way. Importantlandmarksin this locationareprovided by naturallyarising
realswhosedescriptionsinvolvearelatively smallnumberof quantiÞers.Most
importantly, onehasthe Turing equivalentgroupof incomputablerealsdis-
coveredby ChurchandTuring in the 1930s,degreetheoreticallydenotedby
00. Occupying a positionabove 00 similar to thatof 00 above 0 (thesetof all
computablereals)is a degree000. Whatis remarkableis thatabove this level a
Turing automorphismcando no morethanmove a givenreal to onewhich is
Turingequivalentto it. Thatis, theTuringuniverseabove000 is rigid within the
wholestructure.

6. ScientiÞcallyPresentingthe Universe

We needto saya little moreaboutwhatwe meanby a mathematicalmodel
for the Universe. This hasbeenleft deliberatelyvagueup until now, and
aswe shall see,a degreeof vaguenessis inherentin the natureof scientiÞc
knowledge itself. Flexibility is also a feature,and a strength,of scientiÞc
practiceasregardsthe detailsof mathematicalmodellingvia assignmentsof
realsto parameters.What we aretalking aboutis a scientiÞcpresentationof
the Universevia someinformative mathematicalstructure.The mathematics
needsto reßectthe ingredientsof thecurrentscientiÞcpicturewe have of the
Universe. As we have tried to argueabove, scientiÞc descriptionsarebased
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on the real numbers.This is not becausewe necessarilybelieve that the real
numbersactuallyenableus to capturereality, but becausethey arewhat we
have foundby experienceto provideapracticalscientiÞcframework. Thesort
of scientiÞcpresentationwe have in mind is not onecurrentlyusedin practice
to dealwith thesortof fragmentsof theUniversewhichscienceneedsto focus
on in isolation. We stayedclose to such local presentationsin our earlier
discussionof turbulenceandthe generationof incomputability. A featureof
thatdiscussionwastheway in which thenew incomputablerealsderivedtheir
speciÞc propertiesfrom the algorithmiccontentof the chaoticenvironment.
Thisiswhatisrequiredin acomprehensivemathematicalmodelwhichdescribes
theUniversein termsof ÔatomicÕinformationcontent,describedvia reals.That
is, thealgorithmiccontentof theUniverse,asrevealedto usby thescientiÞc
project,needsto be reßectedby the comprehensive presentationin termsof
reals. This will enableoneto correlatethemathematicaldescriptionwith the
physicalprocessesin aninformativeway.

In summary, the modelmustreßect the picturewhich sciencein principle
providesof theway we experiencetheUniverse,with a comprehensive struc-
turing of the information contentof that descriptionin accordancewith the
observed processesat work. Of course,without makingany assumptionsre-
gardingunderlyingreality Ñ even to assertthat a given objectexists, using
someagreedlanguage,is to translateourexperienceinto ascientiÞc statement
Ñ all that is beingsoughtis somethingwhich is in accordancewith whatwe
observe. That is, we look for a mathematicalstructurewithin which we may
informatively interpretthecurrentstateof thescientiÞcenterprise.Thispresen-
tationmaybedonein differentways,onemustassume,but if differing modes
of presentationyield resultswhichbuild acohesivedescriptionof theUniverse,
thenwehaveanappropriatemodellingstrategy.

Part of our experienceof scienceis whatseemsanintrinsic fragmentation,
in which the reductive structureof the Universeis not a goodguideto what
happensat differentlevelsof scientiÞcapplication. In section7 we will look
more closely at how the proposedmodel explains this in termsof internal
invariance.All thatneedsto beobservedfor themomentis thatjustasdifferent
fragmentsof the scientiÞc enterprisearebasedon their own basicrelations,
whosecomplex reductiverelationshipstomorebasicfragmentsaresuppressed,
soit mayturnoutthatourcurrentmethodof presentationignoresotheryettobe
discoveredbasiclevels. What is importantis that thescientiÞcpictureis now
sufÞcientlyÞlledout for theTuring modelto have somethingto tell usabout
theway theworld we live in is aswe currentlyexperienceit. Onemayhave
to makecertainassumptionsabouthowmuch of theTuringmodelis neededto
describeourUniverse,but themathematicalindicationsarethatalargeamount
of informationcontentisneededfor theemergenceof anythingliketheclassical
universeof well-deÞnedindividualobjectswedaily encounter.
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Anyway, a level of ßexibility in the way one envisagesusing the Turing
universeas a model is an advantage,allowing us to apply it with differing
perspectives.In particular, it meanswecanenvisageamodellingof theUniverse
aspart of an extendedepistemologicalstructure,consistingof statementswe
canmake (in somelanguage)abouttheUniverseandits mathematics.

7. What the Turing Model Delivers

Theclaim is thatmany seeminganomaliesin science,thehumanities,and
humanaffairs in general,stemfrom failuresof reductive analyseswhich have
servedustoowell in thepasttobeeasilybypassed.Further, thatwhatis lacking
is notanattackon thevalidity of suchwidely applicableanalyses,but amodel
in whichrelevantglobalfactorscanbeclariÞed.Andcrucially, thatakey global
notionis thatof deÞnabilityor moregenerally, mathematicalinvariance.That
therearesufÞcientindicators,of botha practicalandtheoreticalnature,for us
to look for a modelfor theUniversebasedon presentationsin termsof reals.
And thattheappropriateabstractionof suchaUniverseandits processesis that
arisingfrom Alan TuringÕswork in thelate1930s.

Let us assumefor the momentthat we are preparedto entertainsucha
perspective. It is thentime to deliver Ñ So what doescomputabilitytheory
havetooffer? Werevisit someof thethemestouchedonin theÞrstauthorÕs1999
paper. Wehavetriedto makethecommentsindependentof outsidereferences,
which might bethoughtof little helpto themajority of readers,who will have
readmany booksandarticlesof course,but not necessarilythosepreferredby
the authors! We will alsotry to be concise,at the risk of oversimpliÞcation.
Whatwehopewill bestrikingisnottheextenttowhichthemodelsurprises,but
thewayin whichit supportsandtheoreticallysubstantiatesexistingperceptions
andtrendsin scienceandbeyond.

Ourmodelsaysnothingaboutthemysteryof materialexistence.But it does
offer a framework in which a breakdown in reductionismis a commonplace,
certainly not inconsistentwith the picture given of levels we do have some
hopeof understanding.It cantell us,in acharacteristicallyschematicway, how
thingscometo exist. Our basicpremise,nothingnew philosophically, is that
existencetakes the most generalform allowed by considerationsof internal
consistency. Wherethat consistency is governedby the mathematicsof the
universewithin which that existencehasa meaning. Of course,within that
universe,not even the termsin which we seekto discussit canbe assumed
to have any meaningfulexistence. But proceedingregardless,assumingour
intuitive conceptof ÔcreationÕto have somecontent,we assume,as before,
our Universeto embodysomeprocessof development,in which processes
arebasic. We assumetheappropriatenessof presentationsof theUniversein
termsof informationcontentandalgorithmicrelationshipson thatinformation
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content.We canthenappealto themathematicsof theTuring modelto tell us
somethingaboutwhatwemightexpectconcerningÔthingnessÕin ourUniverse.
This will bea Þrststepin Þlling in a pictureof theUniversecharacterisedby
more determinism,more immanence,and lessdependenceon metaphysical
speculation.

What would the model lead us to expect regarding the basicstructureof
matterandthelaws governingit? Themathematicalindicationsarethata low
levelof informationcontentgoeswith nonrigidityandalackof Turinginvariant
individuals. In otherwords,thestructureof theTuring universeappearsto be
consistentwith thepossibilitythatagivenindividualsinformationcontentmay
be insufÞcient to guaranteeit a uniquerelationshipto the global structure.
Thecorrespondingpredictionfor aUniversein tunewith thatmodelwouldbe
that its mostbasiccomponentsmaymaterialiseambiguously8 Ñ a prediction
conÞrmedby a numberof classicexperimentson subatomicparticles. (The
assumptionhasbeensinceat leastthe time of Leibniz, that reality takesall
formsconsistenttheunderlyinglawsof existence,which from acontemporary
pointof view tendsto meanconsistency with themathematicspertaining.)On
theotherhand,mathematicallyentanglingsuchlow level informationcontent,
perhapswith contentat levelsof theTuring universeat which rigidity setsin,
will inevitably producenew contentcorrespondingto a Turing invariantreal.
Thepredictionisthatthereisalevelof materialexistencewhichdoesnotdisplay
suchambiguityasseenat thequantumlevel, andwhoseinteractionswith the
quantumlevel havetheeffectof removing suchambiguityÑ conÞrmedby our
everydayexperienceof aclassicallevel of reality, andby thefamiliarÔcollapse
of the wave functionÕassociatedwith observation of quantumphenomena.
Sincethereis noobviousmathematicalreasonwhy quantumambiguityshould
remain locally constrained,theremay be an apparentnon-locality attached
to the collapse. Sucha non-locality was Þrst suggestedby the well-known
Einstein-Podolsky-Rosenthoughtexperiment, and,again,hasbeenconÞrmed
by observation. The way in which deÞnability assertsitself in the Turing
universeis not known to becomputable,which would explain thedifÞculties
in predictingexactlyhow suchacollapsemightmaterialisein practice,andthe
apparentrandomnessinvolved.

Onecanonly speculateabouttheoriginsof subatomicstructure,particularly
sincewe do not seemto have a completedescriptionof it asyet. Oneguess
is thatwhenoneobservesatomicstructure,oneis looking at relationsdeÞned
on somelower level level of matterlackingany sortof observableform. This
could be envisagedasa kind of formlesssoupof informationcontentout of
which arisepeaksof deÞnabilityobservedby usassubatomicparticles.Such

8But in keepingwith thelimitationonpossibilitiespresentedby theexistenceof onlycountablymany Turing
automorphisms.
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animplementationof themodelmightbeusedto explainwhy thehypothesised
ÔdarkmatterÕin theUniversehasnot beenobserved. Until it is organisedinto
relations,of whichparticlesaretheinstantiations,wehavenostructurecapable
of beinginteractedwith. It would beasalien to theworld of particlephysics
asthatworld is to ourclassicallevel of humanexistence.9

The mathematicsleadsto other scientiÞcally appropriatepredictions. In
particular, thereis the questionof how the laws of natureimmanentlyarise,
how they collapsenearthe big bangÔsingularityÕ,andwhat the model says
abouttheoccurrenceor otherwiseof suchasingularity.

Whatwehave in theTuringuniversearenot just invariantindividuals,but a
rich infrastructureof moregeneralTuringdeÞnablerelations. Theserelations
grow out of the structure,andconstrainit, in muchthe samesort of organic
waythattheformsobservablein our rushingstreamappearto. Theserelations
operateat a universallevel. Thepredictionis thata Universewith sufÞciently
developedinformationcontentto replicatethe deÞning contentof the Turing
universewill manifestcorrespondingmaterialrelations.Theexistenceof such
relationsonewouldexpectto besusceptibleto observation,theseobservations
in turn suggestingregularitiescapableof mathematicaldescription.But then
this is apredictionwhichadumbratesthefamiliarhistoricalprocessof thesci-
entiÞc mappingof naturallaws. Theconjectureis thatthereis acorresponding
parallelbetweennaturallawsandrelationswhicharedeÞnablein anappropriate
fragmentof theTuringuniverse.

TheearlyUniverseonewould not expectto replicatesucha fragment.The
homogenisationandrandomisationof informationcontentconsequenton the
extremeinterconnectivity of matterwould militate againsthigherorderstruc-
ture. The manifestfragmentof the Turing universe,basedon randomreals,
might still containhigh informationcontent,but contentdispersedandmade
largely inaccessibleto the sort of Turing deÞnitions predictedby the theory.
Projectedsingularities,suchaswithin blackholesor associatedwith boundary
statesof the Universe,dependon a constancy of the known laws of physics.
But immanentlyoriginating laws must be of global extraction. This means
that their detailedmanifestationsmayvary with globalchange,anddisappear
even. ScientiÞc evidencefor time-relatedvariationsin naturallaws is at best
inconclusive, as is evidencefor the collapseof the laws of physicsnearthe

9On a technicalnote,oneshouldmentionthat it is not known if the Turing universeis rigid above 00 Ñ
only that00 it is deÞnable,andsoinvariant. A materialmanifestationof a Turing deÞnedrelationwill still
bescientiÞcallyperceivedasanentity describableby a real,despitetheunderlyingmathematicsby which
it is constrained.And the informationcontentof thatdeÞnedrelationwill correspondto an inÞnitaryjoin
adumbratedbylocalinformationinformationcontentorganisedaccordingtosomecorrespondingdescription.
In whichcaseonecanspeculatethatthelevelof elevationof informationcontentimplicit in aTuringdeÞnition
is dueto somecanonicalform of descriptionneededfor persistencein time,or arisesfrom theconjectured
subsubatomiclevel of informationcontent.
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putative singularities. But therearepersuasive theoreticalargumentsfor the
latter, associatedwith thestandardmodel.And it is notunreasonableto expect
somecontinuity betweenthe currentUniverseandonebereftof the familiar
(andnot sofamiliar!) laws of physics.

Thereaderwill alreadybeawareof themany attemptsto stretchthestandard
modelto dealwith unsatisfactorygapsandanomaliesin the theory. Thearea
aboundswith theoreticalconstructsÑ suchasinßation, many worlds, decoher-
ence, thepilot wave,gaugetheory, superstringtheory, M-theoryÑ all intended
to extendthestandardmodelin waysnotyet justiÞedby observation. Someof
theseareproposalsof a limited technicalnaturedesignedto addressparticular
problemswith the standardmodel in a relatively piecemealway. Othersare
conceptuallymoreradical,andcanbelocatedwithin thepresentschema.This
appliesparticularly to theoriesof decoherence,which in trying to reconcile
quantumambiguitywith classicalreality do seemto dealwith, in a very basic
way, theunderlyingmechanicsof mathematicaldeÞnability. However, without
locatingthiswithin themathematicaltheoryof deÞnability, oneis still left with
having to resortto the metaphysicsof parallelclassicalrealities,with its un-
satisfactorylackof economy, andaccompanying problemswith explainingour
own specialrelationshipto therealityweseearoundus. Still otherattemptsto
stretchthestandardmodelÑ suchassuperstringsandM-theoryÑ presentthe
standardmodelasa very smallfragmentof a mathematicaltheorywhich goes
far beyond that arisingfrom empiricalscience.Theserepresentan approach
which,whilenotactuallyinconsistentwith thatdescribedhere,appearstoshare
very little in thewayof new thinking.

Logically, it is well known thatonecanextendagivenincompletetheoryin
many differentways.And that,in general,suchanincompletetheorywill have
inÞnitelymany completions.In therealworld onecanjustify any additionto
thestandardmodelvia suitablyelaboratedauxiliary hypotheses.10 Soit is not
verysurprisingthatavarietyof suchproposedextensionsto thestandardmodel
of theUniversehaveappeared.Or thatmorethanoneof thesehasachievedthe
statusof afully-ßedgedparadigmwith its own committedgroupof supporters.
OccamÕsRazor, andthePrincipleof Parsimony, arewhathavebeenprovidedas
aformalcounterparttoournaturalscepticism.Thesesay, roughlyspeaking,that
oneshouldnot increase,beyondwhatis necessary, thenumberof extra factors
requiredto explain something.If onetakesinto accountnot just the number
of addedfactors,but alsothelikelihoodof thosefactorsbeingsubstantiatedby
observation (either in a positive way or by expectednegative datanot being
found),thentheinterpretationwehaveattemptedbasedonphysicalentitiesas
informationis aclearwinner. How canweputacomputableUniverseamongst

10This is roughlywhattheDuhem-Quinethesissays.
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many, topof our list? Especiallysinceotherassumptionsmustbeaddedto that
of many worldsto dealwith thestill remaininganomaliesandincompleteness
of the theory. Superstringand M-theory make very different assumptions,
whicharehowevernomoreaccessibleto experimentalveriÞcation.And there
is even lessclarity aboutwhat the theory actually is. Thereare somevery
detailedimplicationsfor thetheoreticalbasisof thestandardmodel,which the
Turingmodelhasasyetnothingto sayabout.In fact,superstringtheoryseems
capableof sitting quite comfortablywithin the Turing framework. The aims
andconsequencesof the two approachesareratherdifferent,andpotentially
complementary.

Wewill look verybrießy attheTuringinterpretationof otherareas.Leaving
quantumtheory, onecanstill Þndabundantevidencefor bothnonrigidity, and
what appearto be new laws correspondingto invariantrelationsemerging at
higherlevels,andrelatingto new entitiesreducibleto onesat previouslevels.
However, thisevidencemaybelessscientiÞc, andmoresubjectto controversy.
Firstly, the Turing modeldoestell us why thereis this fragmentationof sci-
ence,andhumanknowledgein general,andwhy we do not have computable
reductionsof oneto another. As we have saidpreviously, in generala Turing
deÞnition of a givenrelationdoesnot necessarilyyield a computablerelation-
shipwith thedeÞningfactors.But workingwithin therelationsatagivenlevel,
theremaywell becomputablerelationshipsemerging,which maybecomethe
basisfor anew areaof scientiÞc investigation. For instanceresearchconcerning
thecellsof a living organismmaynot beusefully reducedto atomicphysics,
but dealswith a higherlevel of directly observedregularities. Sociologically,
onestudiesthe interactionsgoverninggroupsof peoplewith only an indirect
referenceto psychologicalor biological factors. Entire relationsupon cells
(humans)deÞnedin someimperfectlyunderstoodwayby theevolutionarypro-
cessprovide the raw materialunderlyingthe new discipline,which seeksto
identify a further level of algorithmiccontent. This algorithmiccontentmay
not be directly expressedin termsof numbers. But inasmuchasthe areain
questiondoeshavebasicnotions,correspondingto thenew emergentrelations,
sharedby workersin theÞeld,anddescriptionsof entitiesandregularitiesare
formulatedin a sharedlanguage,the algorithmiccontentis not dissimilar in
kind to thatat lower levels.

The ÞrstauthorÕs 1999papermentioneda numberof areasin which one
canobserve qualitatively similar problems,all connectedwith parallel issues
of deÞnabilityandnonrigidity. We brießy review two of these,andleave the
readerto look therefor furthercomments.

A particularlypuzzlingproblemis thatof theearlyorigin of life on Earth.
Whereveroneencountersexplanationsin termsof ÔemergenceÕ,onecanexpect
an understandingof the notion of deÞnability, relative to the basicrelations
operating,to reinforcethenecessarilyvagueintuitionsunderlyingsuchexpla-
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nations.And atany level, thereareinitially nomorebasicrelationsthanthose
presentedby the fundamentalprocessespertaining. TherearemorespeciÞc
characteristicsestablishedon this basis,andthereis no intentionto deny the
importanceof thesciencebasedon suchspeciÞcities. In any case,in this in-
stancethereis anundeniablycloseparallelbetweenthe intuitionsunderlying
deÞnability and thosefeedinginto more recentexplanationsof how life ap-
pearedon earthin the time available. And sometheoreticalbreakthroughis
needed,giventheconfusionbetrayedby suchspeculativeexplanationsasthose
enlistingextraterrestrialintervention.

An even morehigh proÞle debateconcernsthe exact natureof evolution,
andagainonecanÞndon thesideof thosedissatisÞedwith mechanisticdeter-
minismappealsto notionsof emergenceandchaostheory. And again onecan
consolidatethesemoreglobalperspectivesvia themathematicsof deÞnability.
Determinismis defended,but not reducedto aclearlyinadequatemechanism.

And thereare many other ways in which the perspective describedhere
canshednew light on thorny problems.For instance,thereis themysterious
emergenceof largescalestructurein theUniverse,andon theotherhandthe
remarkablefact that theUniverseappearsto presenta very similar view from
whateverobservationpointonechooses.Onceoneacceptsthebasicunderlying
natureof processandits mathematicalcounterpartof algorithm,andadmitsthe
possibility that the Universeis deeply imbued with incomputabilityand its
mathematics,thenmany troublesomeproblemscanbeplacedwithin a helpful
explanatorycontext.

In the 1999papermentionedabove, thereis a sectionon epistemological
relativism. Thereis a basicintuition thatananalysisof theepistemologyde-
rived from our Universeis potentiallyjust ascomplex asthatof theUniverse
itself. Soit shouldnotbesurprisingthatthemathematicsof deÞnability should
berelevanthere.And it is notsurprisingthatwithoutsuchaconceptualframe-
work asproposedhere,differentepistemologicalapproachesshouldgive rise
to suchdiffering views of theworld. And thatsuchcontroversiesascurrently
characterisediscussionsbetweenscientistsandthoseengagedin thehumanities
shouldthrive in theunÞlled vacuum.For reasonsof space,we limit ourselves
to a few commentsextendingtheperspective.

We do this via what at Þrstsight seemsa lesspromisingexample. Math-
ematics,aswe know it, is expressedvia Þnitary statements,andhasat besta
problematicalrelationshipwith thematerialworld. Theexactcharacterof this
relationshipis still arguedover, asis theextentto which mathematicsowesits
existencetomathematicians.A puzzlinganomalyarisesfromthedominanceof
theaxiomaticmodelfor mathematicalactivity, andits incompatibilitywith ex-
perienceof creative mathematicians.It is quitetrue,oneobserves,thathaving
discoveredsomenew andinterestingmathematicaltheorem,onecanusually
translateits proof into onein somestandardaxiomatictheory. The problem
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is that thediscovery of thetheoremwasnot obviously axiomatic,andthefor-
malproofwhenassembledmaydomuchto obscurethemathematicalintuition
telling uswhy the theoremis true. If we look morecloselyat how we derive
the theoryitself, we may betterunderstandhow it is Ñ in the context of our
modelÑ thatourdiscoveryof thetheoremcomesvia aroutewhichapparently
bypassestherulesof thattheory.

OneÞrstmakesthe observation that if the formal theorydoesnot explain
the emergenceof the axioms,then what it contributesto our understanding
of theoremsderived from theseaxiomsmust be limited. The unconscious
assumptionis that sincean axiom seemssimple, so must be the processof
its derivation. And that the formal connectionbetweenthe axiom and the
theoremmust be a good guide to why the theoremis ÔtrueÕ.But even the
naturalnumbers,beforeany statementsaremadeaboutthem,arecomplex in
origin. Historically theiremergenceis linkedto thatof language,andits usage
in relationto recognitionof patterns,or relationson matter. Numbersassuch
relationsarealreadypresentin thematerialworld, andon theotherhandseem
toemergein onesconsciousnessindependentlyof any suchexteriorsource.But
whatonecansayis that thereexistssomeprocessof deÞnitionof thesebasic
relations,which is manifestboth in natureandwithin the humanmind. And
thatthisdoesnotdependontheexactbalanceof deÞningfactorsin aparticular
context. It may well be that recognitionof suchrelationson the real world
dependsonsomesortof paralleldeÞnitionwithin ourconsciousness,whichone
canregardasa simulationwithin themind of phenomenawithin theexterior
world. Mentalprocesses,while beinga microcosmof thegreateruniverseof
which they areapart,doappearto mirror someof its complexity andhenceits
capacityfor globaldeÞnition. It is possibleto regardthemind asa functional
Universein miniature. Anyway, what is importantis that the emergenceof
numberdoesshow thefamiliar irreducibility of phenomenonsocharacteristic
of a phasetransition,to which modellingin termsof deÞnability is relevant.
The naturalconjectureis that the forgottenbut complex processunderlying
the emergenceof the axiomsis what is being revisited via the discovery of
theorems,andthatin bothcasesthebasisis deÞnabilityin termsof theatomic
ingredientsthatconstituteourintuitivegraspof whathappensin therealworld.
Horizontalconnectionsbetweendifferentmathematicalstatementsmayplaya
role,particularlyin thetranslationof personalintuitionsintoasharedframework
of proof,but thatis notalwaysthemostnaturalrouteto new mathematics.

What we have arguedabove is that it may be possibleto reconstitutethe
mathematicalframework governingthescientiÞcapproach,in suchawayasto
revive thesenseof universalrelevanceonceassociatedwith ÔnaturalscienceÕ.
Thestateof humanknowledgelendsaninevitably speculative quality to what
wehavewritten,butwehopethisarticlewill beacceptedwith theopennessand
generosityof spirit in which it is offered.How appropriatethattheconcluding
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remarksabove have theeffect of giving theoreticalsupportto thosewho view
contemporarymathematicalresearchasbeingverymuchapartof thescientiÞc
enterprise.
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