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IDENTIFICATION OF SOME REAL INTERPOLATION SPACES

MARKUS HAASE

(Communicated by N. Tomczak-Jaegermann)

ABSTRACT. We interrelate the real interpolation spaces associated with the
couples (X,Y), (X +Y,Y), (X, XNY), and (X +Y,X NY), proving among
others the identities
(X+Y, X)opN(X+Y,Y)g, = (X+Y,XNY)g,,
(X + Y, X)G,p N (X + Ya Y)I—G,p = (X7 Y)&’,pa
(X7X N Y)G’,p + (Y7X N Y)G,p = (X +Y, XN Y)G,p’
(X7X N Y)G,p + (Y’ XN Y)l*B,p = (X7 Y)G’,p
for all p € [1,00],0 € [0, 1].

1. INTRODUCTION AND MAIN RESULTS

Since its invention in the late 1950’s, the theory of interpolation spaces has seen
a tremendous development with various applications in different fields of mathe-
matics. Several monographs ([8], [2], [15], [3]) have appeared during the last five
decades comprising what can now be regarded as standard knowledge. As is fre-
quent with monographs, they foster the impression that on the theoretical side at
least the elementary questions are solved.

However, it seems that a very natural question of interpolation theory has not
been made sufficiently clear so far, namely the problem of how the interpolation
spaces for the couples (X,Y), (X+Y, X), (X, XNY) and (X+Y, XNY) interrelate.
(Partial results can be found in [I0] and [12].) The purpose of this note is to give
a somewhat complete answer to this question in the case of real interpolation.

In the remainder of this section we will introduce some notation and state the
main results. Section [2]is devoted to proofs. Finally, in Section [3] we sketch some
applications to the so-called intersection problem and to the theory of sectorial
operators.

In the following, (X,Y") will always denote a Banach couple, i.e., a pair of Banach
spaces X, Y which are tacitly assumed to be continuously embedded into a bigger
Banach space. For p € [1,00],60 € [0,1] we construct the real interpolation spaces
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(X,Y)g,p via the so-called “K-method”. The “K-functional” is defined by
K2, X,Y) = inf{ o]y +¢[bly |z =a+b}

for x € X +Y,t > 0. Let us use the symbol L (a, b) to denote the space of (equiv-
alence classes of) functions on the interval (a,b) C (0,00) which are p-integrable
with respect to the measure dt/t. Here we simply write ¢ := (¢t — t) for the positive
real coordinate. With this notation, the real interpolation spaces are defined by

(X, Y)op={r e X+Y |t "K(t,z,X,Y) € LE(0,00)}
with norm [[K'(-, 2, X,Y)|[5z(9,0)- We will use the identities
Kt,z,X,Y)=tK({t ', 2,Y,X) and (X,Y)g, = (Y, X)1-0,

but no method other than the K-method is used in this paper. One can consult any
of the above-mentioned books for more information, but we also recommend the
lecture notes [9]. For 6 € [0, 1] we abbreviate § = max(6, 1—6) and § = min(6, 1—6).
Since the case 1 < p < 00,6 € {0,1} is in a sense “degenerate”, we introduce the
set

P o= (0,1] ¢ [1,00)) \ ({0,1} x [1,00)).

We are now ready to state the main result.

Theorem 1.1. Let (X,Y) be a Banach couple and let (0,p) € T'. Then the following
identities hold:

(1.1) (X+Y.Y),NnX = (X, Y)op, N X = (X, XNY)g,,
(1.2) (XNY,Y)op + X = (X, Y)pp + X = (X, X +Y)g,,
(1.3) (X+Y, V), N (X, X +Y)op = (X, Y)op,

(1.4) (XNY,Y)op + (X, XNY)gp = (X,Y)op,

(1.5) (X4Y,X)gp, N (X+Y,Y)y, = (X+YXﬂY) 6.p;
(1.6) (X, XNY)gp + (Y, XNY)pp = (X+Y,XNY)g,
(1.7) (X,Y)op N (X, V)19 = (X +Y,XNY)5,,
(1.8) (X,Y)op + (X,Y)1 0, = (X+Y,XNY)y
(1.9) (X, XNY)gp, N (XY, XNY)1 9, = (X, XNY)g,,
(1.10) (X4+Y,Y)o, + (X4+Y,XNY)1 g :4X+me,
(1.11) (X, XNY)gp + (X +Y,XNY)5, = (X,Y)g,,

(1.12) (X+Y,X)g, N (X+Y,XNY)g, = (X,Y),

The proof will be given in Propositions 241 - 210 of Section 2l
Corollary 1.2. Let (X,Y) be a Banach couple and let (8,p) € T'. Then:
(X +Y,XNY)5, C (X,Y)o, C (X+Y,XNY)g,,
(X, Y)op € Kp(X+Y, XNY)N J3(X+Y,XNY),
(X,Y)y, = (X+Y,XNY)s,

1
2
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Proof. The first assertion is immediate from Theorem[IIl The other two assertions
follow readily from the first. O

It is clear that Theorem [I.1] does not at all clarify “what’s going on”. Therefore
we will now give a geometric illustration of the above theorem. Let A be a vector
space and let B,C, D C A be subspaces of A with D C BN C. Such a situation we

will depict in a diagram
A
B C
D

and we call this diagram an (elementary) block. We call the above elementary block

proper if A= B+ C and D = BN C. Thus, (7)) and ([L8) of Theorem [LT] say
that if 6 < % the block

(X+Y,XNY)o,

/

(X7Y)97 Xa Y)l—@m

/\
\

(X+Y,XNY)i-6,p

is proper. Now, again supposing 6 < %, consider the following diagram:

X+Y

\
/

(X, X +Y)1_0,p (X+Y,Y)g,p

\
/
\
/

(X, X +Y)g,,p (X+Y,XNY), (X +Y, V)10,

N
/
\
/
\

(X,Y)e,p (X, Y)1-06,p Y

\
/
\
/

(X, XNY)g, (X+Y,XNY)1_q, (XY, V)i g,

/
\
/
\

(X, XNY)i_g,p (XNY,Y)gp

/
\

Xny

Then we can summarize the results of Theorem [I.1] as follows.
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Theorem 1.3. Let (X,Y) be any Banach couple and let (0,p) € T with § <
Then in the above diagram all elementary blocks are proper.

1
5-

Proof. The statement follows directly from Theorem [T} where one sometimes has
to employ the symmetry property (A, B)g, = (B, A)1—g9,. More precisely, formulae
(1) and ([T2) account for the leftmost block. For the block one step in direction
north-east one uses (LT1l) and (LI2), whereas (L9) and (II0) are needed for the
block below this. So, the three leftmost blocks are done. The statement for the
three rightmost blocks follows by interchanging the roles of X and Y. Equations
([CH) and (LH) do the job for the highest and lowest blocks, and the block in the
middle is dealt with by the identities (7)) and (L8]). O

Let us state another consequence.
Theorem 1.4. Let (X,Y) be any Banach couple and let (6,p) € T'. Then the
identities
(1'13) ((X’X N Y)97P’ (X + Yay)ﬂp)@m = (X’ Y>9>:D7

(1.14) (X, XNY)op, (X +Y,Y)g,) =(X+Y,XNY)g,

1-6,p
hold.

Proof. Since (X, XNY)pp, C X and (X +Y,Y)g, C X +Y, we have
(XX OY)op (X +Y,Y)oy),, C (X, X+Y)g, N (X +Y,Y)g,
=(X,Y)op,=(X, XNY)g, +(XNY,Y)o,
C (X, XNY)op, (X+Y,Y)s,)

0,p’

where we have used ([[3)) and (I4) for the equalities in the middle. The proof of
the second assertion is similar. Note that in the degenerate case (0,p) ¢ T', the
equations hold trivially. O

Corollary 1.5. Let (X,Y) be any Banach couple and let (0,p) € T with 6 < %
Then

(X +Y. X0 )op0 (X, X NY)oy) 120, = (X,Y)ope

Proof. Apply the Reiteration Theorem (see, e.g., [2, Thm. 3.5.3] or [0, Remark
1.3.6]) and Theorem [[4 O

2. PrOOF OF THEOREM [[]
We will start with a couple of lemmas.
Lemma 2.1. Let (X,Y) be a Banach couple and x € X +Y. Then
K(t,z,X,Y)=K(t,z,X,X+Y) (t>1)

Proof. Let x = a+bwitha € X,;b € X+Y andlet b = c+dwithc € X,d € Y. Then
K(t, 2, X,Y) < [la+cll x+t]ldlly <llalx+llelx+tldly < llallx+tllelx+tlldlly]
for ¢ > 1. Taking the infimum with respect to the decompositions b = ¢ + d we
obtain K'(t,z, X,Y) < |all x +t[[b]| x y, and going over to the infimum again yields
K(t,z,X,Y) < K(t,z,X,X +Y). The reverse inequality K(¢t,z,X, X +Y) <
K(t,z,X,Y) holds trivially for all t > 0. O



IDENTIFICATION OF SOME REAL INTERPOLATION SPACES 2353

Recall that if (A, B) is a Banach couple and A C B, then for having a € (A4, B)g,)
only the behaviour of K(t,a, A, B) on (1,00) is relevant and

|t °K(t,a,A, B)|

LE(1,00)
is an equivalent norm on (A, B)g ,. An analogous remark applies in the case B C A.
Lemma 2.2. Let (X,Y) be a Banach couple and (6,p) € T'. Then
(X, X+Y)op={z€X+Y | tK(t,z,X,Y) € LP(1,00)},
(X+Y,Y)gp={z e X+Y |t °K(t 2, X,Y)cLE(0,1)}.
Proof. This is a straightforward application of Lemma [2.J] and the remarks preced-

ing this lemma. O

The next one is the final auxiliary result.
Lemma 2.3. Let (X,Y) be a Banach couple and x € X. Then
Kz, X,)Y) < K(t,z, X, XNY) (¢t>0),
Kz, X, XNY)<2K(t,z,X,Y)+t|z], (<1).
Proof. The first assertion holds trivially. To prove the second, take x = a+0b, where
a € X,beY. Thenobviously b € XNY and K (¢t,z, X, XNY) < |la|| x +t||b]| xny =

lallx + bl x 2 [[blly < llallx +tllallx +E [zl x +E[blly < 2]allx+2 o]y +t [l x -
Taking the infimum yields K(¢,z, X, X NY) <2K(t,z,X,Y) + t|z| y- O

Proposition 2.4. Let (X,Y) be a Banach couple and (6,p) € T'. Then the following
identities hold:
(2.1) (X+Y.Y),NX =(X,Y)op, NX = (X, XNY)g,,
(2.2) (XNY,Y)op +X = (X, Y)op + X = (X, X+Y)g,.
Proof. Let us prove the identity (II)). The chain of inclusions “>” is clear, hence
we have to show (X +Y,Y)p, N X C (X, XNY)g,. Takez € (X +Y,Y)p, N X.
Since xz € X, only the behaviour of K(¢,z,X, X NY) on (0,1) matters. According
to Lemma [Z3] and Lemma 2]
Kz, X,XNY) <2K(t,,X,Y) +t|z||x = 2tK(t ' 2,Y,X) +t|z|
=Kt 2, Y, X +Y)+t|z|y
=2K(t,z, X+ YY) +t|z| .
Now, the identity (LI follows.

To prove the identity (LZ), we note as before that one chain of inclusions is
trivial. Take z € (X, X +Y)g,, and write x = a+ b with a € X,b € Y. Then by
Lemma 2] we have

Kt,bX,)Y)<K(tz,X,Y)+K(t,a, X)Y) <Kz, X, X+Y)+|alyx
for t > 1 and K(t,b, X,Y) <t||b]|y for t < 1. Hence we have b € (X,Y)g,. O
Remark 2.5. In our proofs we usually only care for set-theoretic inclusions and

not for norm inequalities. These are automatic by the Closed Graph Theorem.
However, a careful analysis of our arguments would also lead to norm inequalities.
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E.g., arguing a bit further in the last proof would lead to a constant C' such that

||55||X+(X,Y)g,p <C ||xH(X>X+Y)9,p
forall z € (X, X +Y)g,.

In the proof of the next result we will have occasion to use the so-called modular
law for vector subspaces A, B, C' of a vector space Z:

BcC = (A+B)nC=(ANnC)+B.
The proof of this fact is trivial.

Proposition 2.6. Let (X,Y) be a Banach couple and (6,p) € T'. Then the following
identities hold:

(2.3) (X4+Y.Y)o, N (X, X+Y)g, = (X,Y)g,,
(2.4) (XNY,Y)gp, + (X, XNY)g, = (X,Y)g,.

Proof. The first identity is straightforward from Lemma and the definition of
(X,Y)g,p. Let us prove the second. As usual, one inclusion is trivial. To establish
the other inclusion, take z € (X,Y)q, and write z = a+b witha € X,b € Y. Then

b=z—a€ X+ (X, Y)op]NY =X+ (XNY,Y)p,]NY
=XNY+(XNY,Y)s,=(XNY,Y)g,,

where we used Proposition 24 and the modular law. Analogously (by interchanging
the roles of X and Y in Proposition [2:4]) one also shows a € (X, X NY)y,. Hence
the second identity is proved. (I

Our next result looks very similar to the one before.

Proposition 2.7. Let (X,Y) be a Banach couple and (6,p) € T'. Then the following
identities hold:

(25) (X + Y*,X)gvp N (X + Y;Y)aw = (X +Y,XnN Y)gvp,

(2.6) (X, XNY)gp + (Y, XNY)g, = (X+Y,XNY)g,.

Proof. We use ([L.2)) together with the modular law and compute:

(X +Y, X)g)p N (X + Y,Y)gw = [X + (Y; XN Y)g,p] n [Y + (X,X n Y)g,p]

={X N+ (X, XNY)g)} + (¥, XNY)g,
=(XNY)+ (X, XNY)op+ (Y, XNY)op
= (X7 XN Y)B,p + (Ya XN Y)Q,p
CX+Y,XNY)op, C (X+Y, X)pp, N(X+Y,Y)g,. O

Proposition 2.8. Let (X,Y) be a Banach couple and (6, p) € T'. Then the following
identities hold:

(2.7) (X,Y)op, N (XY )16, = (X +Y,XNY)5,,
(2.8) (X,Y)op + (X,Y)19p = (X+Y,XNY)g,.
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Proof. Without restriction we can assume 0 < 6 < % Using the identity (LH) we
write

(X,Y)op N (X, Y)120p C(X+Y, X)129, N (X +Y,Y )19,
=(X+Y,XNY)i_0p.
Also, since § <1 — 06,
(X+Y, XNY) 19, C(X+Y, X)10p,N(X+Y,Y)1_9,
C(X, X4+Y),N(X+Y,Y)o,, =(X,Y)o,
by Proposition 24l Interchanging the roles of X and Y in this inclusion gives
(X+Y,XNY)1_0p C(Y,X)o,p = (X,Y)1_9,,. Hence, identity (L7 is completely
proved. Let us turn to (Ig]). On the one hand, we have
(X+Y, XNY)pp = (X, XNY)gp+ (Y, XNY)g, C(X,Y)op+ (Y, X)o,p.

On the other hand,

(X,Y)o, = (X, XNY)gp, +(XNY,Y)p, C(X+Y,XNY)y,

+(XNY, X+Y)y, C(X+Y,XNY)gp,

since # < 1 — 6. This concludes the proof. O

Proposition 2.9. Let (X,Y) be a Banach couple and (6,p) € T'. Then the following
identities hold:

(2.9) (X, XNY)op N(X+Y, XNY )19, = (X, XNY)g,,
(2.10) (X4+Y.Y)i_op + X+Y,XNY)g, = (X +Y,Y)g,.
Proof. Let us prove (L9). Using (I.6) and the modular law we write
(X, XNY)gp, N (X+Y,XNY )10,
= (X,XNY)g, N [(X,XNY)1_g, + (Y, X NY)1_0,)]
— (X, X 1Y )op O [(X, X 1Y )10y + (X0 (VX N1 Y)10,)]
=X, XNY)g, N[(X, XNY )19+ (XNY)]
= (X, XNY)op, N (X, XNY)1 9, =(X,XNY)g,,.
To prove ([LI0) we use (LH) and again the modular law (but in reverse direction):
(X4+Y,Y)19p + (X+Y,XNY)o,
=(X4+Y,Y)iop + [(X+Y, X)op N (X+Y,Y)g,
=(X+YY 1-0p t+ (Y + (X +YaX)9,p) N (X +YaY)9,p]
=X +Y,Y)i9p + [(X+Y) N (X +Y, V),
=(X+VY p T (X HYY)p=(X+Y,Y)g,. O

—_ — ~— —

1-6
Proposition 2.10. Let (X,Y) be a Banach couple and (6,p) € I'. Then the
following identities hold:

(2.11) (X, XNY)gp + (X +Y,XNY)s, = (X,Y)ap,

(2.12) X+Y, X)g, N(X+Y,XNY)gp= (X,Y)g,.

6,p
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Proof. We can assume without restriction that § < <. Then

(X,XNY)op + (X +Y,XNY)1_g,
=X, XNY)g, + (X, XNY)1_g, + (Y. XNY )10,
=X, XNY)gp, + ¥V, XNY)19p =(X,Y)op
by (L8) and ([I4). Similarly, using (I3) and (I3]) we obtain
(X +Y,X)1_0p, N (X+Y,XNY)g,
=(X+Y, X)1-0p, N (X4+Y,X)g, N (X+Y,Y)g,
=(X+Y,X)129, N (X+Y,Y)o, =(X,Y)o,. (I

1
3

3. APPLICATIONS

3.1. Instantiations. Of course, Theorems [Tl and [[3] have an immediate mean-
ing for some known interpolation couples. For example, if applied to the couple
(L', L°°) one obtains the identity

L' NLToP = (L', L' N L),

where L2 is the usual Lorentz space. A second instance arises when taking X =
CP(R?) as the Banach space of the continuous and uniformly bounded functions
on R? and Y = Lip(R?) as the space of Lipschitz-continuous functions on R?
with the norm || f{[r;, = [f]1 + [f(0)]. Then (X,Y)g o0 = CY(R?) is the space of
Holder-continuous functions of degree 6. Equation (L)) then yields

C’(RY) N CP(RY) = (CP(R?), CP(RY) N Lip(R%))g o

3.2. Sectorial operators. Theorem [I.T] was originally motivated by the study of
functional calculus for injective, but not invertible sectorial operators; see [13] and
[7] for definition and basic results. There, one has a picture

/\
\/

where X is the underlying Banach space, and D(A) and R(A) are the domain and
the range of the sectorial operator A. Now, Dore has shown in [4] that in fact
A has a bounded H°-calculus when restricted to the wvertical interpolation spaces
(X, D(A) N R(A))s,p. However, generalizing ideas from [I] to arbitrary Banach
spaces, one can show that A has in fact a bounded H°°-calculus in each of the
horizontal spaces (D(A),R(A))g,p. Our Theorem [[3 now shows that Dore’s result
is actually a corollary of this.

A second application in connection with sectorial operators appears in charac-
terizing growth conditions like

< o0

0 - AL t?(t+ A 'B
sup [#°C (¢ + )7y <00 or sup [¢°(t+A)T By _p
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by means of interpolation spaces (see [0]). Here, Y is another Banach space and
C : DA — Y and B : Y — X are linear operators. The above growth
conditions are common assumptions in perturbation results.

3.3. The intersection problem. As another consequence of our results, let us
state the so-called intersection problem which gained some attention some time
ago. The problem is to establish an identity

(3.1) (A,B)opN(A,Clop=(ABNC)ap,

where A, B,C are embedded in a common superspace. Generalizing results of
Grisvard from [5], Peetre showed in [14] that such an identity holds if one supposes
(A, B) to be a “quasilinearizable pair” (see also [I5] for the definition of this notion)
and an additional assumption. Now, identity (3] of Theorem [IT] shows that also
A = B+ C is an assumption which renders the intersection identity to be true.
This has already been observed in [II]. We can generalize this result towards the
condition

BNnC CcAC(ANnB)+ (AnCQO)
which also implies ([B)).

BNnC
Indeed, it follows first that (A + B) N (A + C) = A and this implies (4, B)g, N
(A,C)gp C A. Hence,

(A7 B)G,p n (Av 0)9»1) = [(A’ B)eﬁp N A] N [(A7 0)9,11 n A]
=(A,ANB)epN(A,ANC)op =(A,ANBNANC)g,
= (A, Bn C’)e,p,
where we used identities (II) and (LI).

3.4. Other K-methods. We stated and proved our results in the case of (ordi-
nary) real interpolation. However with appropriate changes in notation we expect
the statements to also hold when one uses generalized K-methods as in [12].
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