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Abstract

The first attempt at a systematic approach to axiomatic theories of
truth was undertaken by Friedman and Sheard [11]. There twelve prin-
ciples consisting of axioms, axiom schemata and rules of inference, each
embodying a reasonable property of truth were isolated for study. Work-
ing with a base theory of truth conservative over PA, Friedman and Sheard
raised the following questions. Which subsets of the Optional Axioms are
consistent over the base theory? What are the proof-theoretic strengths
of the consistent theories?

The first question was answered completely by Friedman and Sheard;
all subsets of the Optional Axioms were classified as either consistent
or inconsistent giving rise to nine maximal consistent theories of truth.
They also determined the proof-theoretic strength of two subsets of the
Optional Axioms. The aim of this paper is to continue the work begun by
Friedman and Sheard. We will establish the proof-theoretic strength of
all the remaining seven theories and relate their arithmetic part to well-
known theories ranging from PA to the theory of ¥} dependent choice.
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1 Introduction

In the face of the paradoxes, there are three possible routes that have been taken
to develop a consistent theory of truth, namely by restriction of language, logic,
or truth principles. The first is exemplified by Tarski’s theory of hierarchical
truth [29]. Examples for the second are logics based on more than two truth
values, partial logics or paraconsistent logics. Feferman has raised concerns over
the adoption of non-standard logics, i.e. logics other than classical or intuition-
istic logic, for it has not been established whether “sustained ordinary reasoning
can be carried out” ([9, p. 95]) in such logics, not only in mathematics and the
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sciences but also in everyday reasoning. This paper will be concerned with
the third type of theories, more precisely non-hierarchical axiomatic theories of
truth which intend to capture the notion of truth within one language. They
allow for self-referential applications of a truth predicate T while assuming that
the underlying logic is classical logic.! Of course, the axiomatic approach does
not commit us to the interpretation of ‘I as truth. “One may reasonably take
the attitude that what we are really exploring here is the axiomatic properties
of concepts which lie somewhere between ‘provability’ (which is well understood
but somehow insufficient) and full ‘truth’ (which is mysterious and perhaps in-
herently unstable). Possible interpretations of T might be ‘intuitively provable’
or ‘knowably true’.” ([11, p. 3]).

All axiomatic truth theories considered here will be extensions of Peano
Arithmetic, PA. The addition of a truth predicate ‘T’ to the language of PA,
together with a menu of reasonable axioms about 7', but avoiding the faulty
A < T(TA™). As in [11], we take a philosophically neutral standpoint and are
not concerned with how well each theory resembles our intuitive understanding
of truth, but instead how accepting the various axioms of truth enriches the
theory we work in.? Theories of truth will be compared directly with some well
known mathematical systems to reveal possibly surprising connections.

The first attempt at a systematic approach to axiomatic theories of truth
was undertaken by Friedman and Sheard [11]. There twelve principles (called
Optional Axioms) consisting of axioms, axiom schemata and rules of inference,
each embodying a reasonable property of truth were isolated for study. Working
with a base theory of truth conservative over PA, Friedman and Sheard raised
the following questions. Which subsets of the Optional Axioms are consistent
over the base theory? What are the proof-theoretic strengths of the consistent
theories?

The first question was answered completely by Friedman and Sheard; all
subsets of the Optional Axioms were classified as either consistent or inconsistent
giving rise to nine maximal consistent theories of truth (Theorem 2.6). Section
7 of [11] provides the beginnings of an answer to their second question. They
determined the proof-theoretic strength of two subsets of the Optional Axioms
showing one proves the same arithmetical consequences as IDq, the theory of
one inductive definition. This work was subsequently extended by Cantini [6]
and Halbach [14] with the result that the proof-theoretic strength of two of the
nine theories was settled.

The aim of this paper is to continue the work begun by Friedman and Sheard.
We will establish the proof-theoretic strength of the remaining seven theories.
For three this will be simply a matter of formalising the model constructions
found in [11]; however, in order to provide upper bounds for the other four we
shall need to employ the techniques of infinitary proof theory, namely perform
cut elimination for an infinitary proof system in which our finite theories of truth
can be embedded. We show that the strengths of the remaining theories vary
from being a conservative extension of PA to the strength of the ¥} dependent
choice axiom, i.e., the theory ©1-DC.

1The other canonical choice would have been intuitionistic logic. It seems that nobody has
explored this natural route so far.

2Some of the truth theories can also be viewed as reflective closures of PA by means of a
truth predicate the aim of which is to spell out what principles one might want to accept after
a certain reflective process if one accepts the basic notions and principles of PA.



We shall assume the reader is familiar with the notation and definitions of
[11].

1.1 Preliminaries

Let £ be the language of Peano Arithmetic, L7 be £ augmented by an additional
predicate symbol ‘T”, and £2 be the language of second-order arithmetic. We
use the symbols A, B, etc. to range over formulae and s, ¢, etc., to range over
terms which are built up in the usual way. n, m, k, [, etc. range over natural
numbers. If n is a natural number then we denote by 7 the corresponding
numeral. An Lp-formula A is called arithmetical if A € L, that is, if A does not
contain the predicate T'.

We may assume that we have a fixed primitive recursive Godel numbering
T.7 of terms and formulae of £7 U £2, a pairing function (.) : N> — N, with
projections 7, : N — N for k& < 2 such that (mo(z),m1(x)) = . We extend
the pairing function and its inverses to encode sequences of natural numbers
as follows. Define () = 0, let (zg,...,x,) denote (xg, (z1,...,2,)), and let
((zo, ..., Tn))k = xx if kK <n. We may also define a primitive recursive function
lh so that lh({zg, ...,z,)) =n+ 1.

Furthermore, we may assume we have, for each logical connective and the
predicate T, a primitive recursive function symbol, imp, neg, T, etc., such
that for all formulae A, B, imp("A7,"B™") ="TA — B, neg("A7) = A7,
T(x) ="T(x)7, etc.. It is assumed that the above functions (except for T) will
only output codes for formulae if all of the arguments are codes of formulae; for
example, imp(x, y) is the code of an Lp-formula only if both  and y are codes
for Lp-formulae. Also present is a function sub such that, for each term ¢ and
formula A(xz) with at least x free, sub("A(x)™,"2™,7t") = TA(¢)7, that is, the
Godel number of the formula obtained from A by replacing each occurrence of
the free variable z by the term ¢. As with the previous functions it is assumed
that sub is defined so that if either x is not the Goédel number of a formula, y
is not the code of a variable or z is not the code of a term of the language then
sub(z, y, z) is not the code of an Lr-formula. We use the convention that " A(y)™
abbreviates sub("A(z)", "z, num(y)), where num(y) is the Gédel number of
y. Finally ucl is a primitive recursive function which takes the Goédel number
of a formula and outputs the Goédel number of its universal closure. For more
details we refer the reader to [27].

Let Sent,(z) denote that ‘z is the Godel number of a sentence of the language
L and Provg(z) denote that ‘z is the Gédel number of a formula provable in
the theory S’.

We append ‘.’ to a quantifier to denote it having the largest possible scope.
For example, Vo A — B is to be read as (Vx A) — B whereas Vz. A — B is to
read as Vz(A — B).

Let AJ be the smallest set containing the atomic formulae in £ and closed
under logical connectives and bounded quantification, that is if A € A then
(V. z <t — A(z)) € A and (Jz. x < t A A(z)) € AJ for any term ¢ of the
language. IIJ and X also denote the set AJ. Define recursively the sets 119, ;
and £9,, by A €TI0, (20 ,)if Ais of the form Vo Ag(z) (3z Ao(z)) for some
formula A4y € X9 (112).



2 Theories of truth

2.1 A base for truth

We denote by PAr the theory PA formulated in the language L. That is, with
the induction schema extended to all formulae of Lr.

2.1 DEFINITION Let Baser be the theory containing PAr with the additional
azrioms

(1) Vavy. (T(x) AT (imp(z, y))) — T(y)
(2) V. val(z) — T(ucl(z))
(3) V. Axpra(z) — T(ucl(x))

where val(x) expresses ‘x is the Godel number of a logically valid (in first order
predicate logic) formula of L1’ and Axpra(x) denotes that x is (the Godel num-
ber of) an axziom of PRA, the theory of primitive recursive arithmetic, that is
x 1s the code of a true equation involving constants, free variables and primitive
recursive function symbols.

2.2 PROPOSITION Suppose Baser ETT" A1 NAs A... N A, and that B follows
from Aq, Ao, ..., A, in predicate logic. Then Baser = T"B™.

PrOOF Since B follows from Aj, As,..., A, in predicate logic it follows that
(A NAy A --- NA,) — B is a tautology. Thus Axiom 2 implies Baser
T (A1NAsA. . .ANA,) — B from which Axiom 1 yields the required conclusion.g

It is preferable to introduce some notation for the purpose of quantifying over
(Godel numbers of) formulae and sentences.

2.3 NOTATION Let V" AT B("A™) and 3" A7 B("A™) be abbreviations for the for-
mulae Vy. Sentr,.(y) — B(y) and Jy. Sentr,. (y) A B(y) respectively. We also
have a need to quantify over formulae with free variables for which we introduce
VT A(x)TB(TA™) to denote the formula Vy. Sentg,.(sub(y,"z7,707)) — B(y)
and 3" A(x)? B("A™) to denote Jy. Sent,,. (sub(y,"x7,707)) AB(y) respectively.

2.2 Axioms of truth

We now consider possible extensions to our base theory. As remarked before we
will work with a list of twelve axioms, axiom schemata and rules of inference as
proposed in [11]. These Optional Axioms, as they shall be referred to, are listed
in Table 1 below. Each Optional Axiom embodies some intuitive property that
one may desire our interpretation of truth to satisfy.

2.4 REMARK First, a note on T-Completeness: We could take in its place the
unrestricted (and arguably more natural) version Vo T () VT (neg(x)), and sup-
pose that if x is not the code of an Lt sentence then neg(x) =70 = 0". This
would not affect any of the results involving T-Completeness (both here and in
[11]), however, for the purposes of Section 8 this definition of neg would un-
necessarily complicate matters and so it is preferable to take T-Completeness in
the form given in Table 1.

Second, the rules of inference stated above are given in parametric form,
however for the purposes of our investigation they could just as well be given in



Name Axiom Schemata

T-In Va. A(z) — T A(z)”
T-Out Va. TTA(z)" — A(x)
Name Axioms

T-Rep(etition) Va. T(x) —» TTT ()"
T-Del(etion) Va. TTT(2)7 — T(z)

T-Cons(istency) Va—(T(x) A T(neg(x))
T-Comp(leteness) VAT TTATVTT—-A"

V-Inf(erence) VEA(x) . VYnT" A(n) — TV A(z)”
3-Inf(erence) VOA(z)". T3z A(z)" — In T A(n)”
Name Rules of inference

T-Intro(duction) From A(z) infer T" A(z)™
T-Elim(ination) From TT A(z)™ infer A(x)
—T-Intro(duction) From —A(x) infer =TT A(z)™
—T-Elim(ination)  From —T" A(%)” infer —A(x).

Table 1: List of Optional Axioms

closed form (e.g. from A infer T" A7). For T-Introduction, - T-Introduction and
T-Elimination this is a given by the converses to V-Inference and 3-Inference
being provable in Baser (Lemma 2.24) and (in the case of T-Elimination)
since all the theories we consider that extend Baser will comprise V-Inference.
—T-Elimination is derivable from its nonparametric form and 3-Inference, but
not all the theories we consider closed under —T-Elimination will contain 3-
Inference. However we find that those problematic theories are, in fact, vacu-
ously closed under —T-Elimination, and thus the closed and parametric forms
are equivalent.

2.5 NoTAaTION If T' is a set of formulae and Ry, ..., R, a collection of Op-
tional Axioms the theory I' + Rg + -+ + R, is defined as theory containing
I'U{R; : R; is an aziom} and closed under all rules R; and natural deduction
stmultaneously.

It should be noted that under this definition the theory I' + R + S need not
coincide with (I' + R) + S. This may occur if R is a rule of inference and S is
an axiom. A set of Optional Axioms A = {Dy,...,D,} is said to be consistent
over the theory S if the theory S+ Dy + - - -+ D,, is consistent and inconsistent
otherwise.

In [11] all subsets of the Optional Axioms were classified as either consistent
or inconsistent over the base theory Baser:

2.6 THEOREM (Friedman and Sheard, [11]) The following are the only mazimal
consistent subsets of the Optional Axioms, over Baser.

A. T-In, T-Del, ¥V-Inf, 3-Inf, T-Intro, T-Rep, = T-Elim, T-Comp.
B. T-Rep, T-Cons, T-Comp, V-Inf, 3-Inf.
C. T-Del, T-Cons, T-Comp, V-Inf, 3-Inf.



T-Intro, T-Elim, T-Cons, T-Comp, ¥-Inf, 3-Inf, = T-Elim, - T-Intro.
T-Intro, T-Elim, T-Del, V-Inf, T-Cons, =T-Intro.

T-Intro, T-Elim, T-Del, V-Inf, —T-Elim.

T-Intro, T-Elim, T-Rep, V-Inf, = T-Elim.

T-Out, T-Rep, V-Inf, T-Elim, T-Del, = T-Intro, T-Cons.

N T QM m B

T-Rep, T-Del, T-Elim, V-Inf, = T-Elim.

Although in [11] the question of consistency was answered, the proof-theoretic
strength of these theories remained largely unknown. Friedman and Sheard
showed that the theory H without T-Repetition has the strength of one induc-
tive definition and later Cantini [6] has shown that the inclusion of this axiom
provides no additional strength. In addition, the theory D is known to have
the same arithmetical theorems as the system RA ., [14]. We will now consider
each of the remaining theories in turn and analyse them for their proof-theoretic
strength.

2.3 A: T-In, T-Del, V-Inf, 3-Inf, T-Intro, T-Rep, -T-Elim,
T-Comp

Define an interpretation *: Lp — L as follows

=p for p an atomic formula.
(ﬂA)* = (A7)
(AOB)"=A"0OB* forOe{V,A}
(QrA(2))" = Qu(A(z))" for Q € {V,3}
(T(5))" = (s = 9)-

2.7 PROPOSITION For any formula C if A+ C then PAF C*.

PRrROOF By induction on the length of proof of C'. If C' is an axiom of the system
A, then C is either an axiom of Baser, one of T-In, T-Deletion, T-Completeness
V-Inference, 3-Inference, or already an axiom of PA. In each of these cases it
is clear that PA - C*. If C' is not an axiom then there must be a formula B
such that A - B and A+ B — C. Then by the induction hypothesis (and
definition of *) PA  B* A (B* — C*), and hence by modus ponens PA + C*,
as required. n

2.8 COROLLARY A is a conservative extension of PA. Moreover this can be
established in PA.

PROOF If B is a formula in the language of PA then B* = B. Thus by Propo-
sition 2.7 any arithmetical theorem of A is a theorem of PA. The fact that this
can be carried out within PA is a consequence of the fact that the interpretation
* is primitive recursive allowing the argument in Proposition 2.7 to be carried
out within PA. n



2.4 B: T-Rep, T-Cons, T-Comp, V-Inf, 3-Inf and
C: T-Del, T-Cons, T-Comp, V-Inf, 3-Inf

2.9 NOTATION Let Sy denote the theory Baser +V-Inf. Also let Con(S) denote
the sentence —=Provg("0 =17).

2.10 PROPOSITION Baser + T-Cons VT A7T-TTAAN-A".

PROOF As a consequence of Proposition 2.2 Baser FVTAN B.T"AAB" <
TTAYAT"™B7. We now argue informally within Baser. Suppose otherwise, so
TTA N —A" for some sentence A. Then we have T" A7 A T" =A™, contradicting
T-Consistency. n

2.11 PROPOSITION  (i). For all arithmetical formulae A(xq, ..., x,) whose free
variables are among those exhibited,

SO = A((El, NN ,CL'T) — TI—A(I'l . 71:»,‘)—‘.

(i1). So bV [Provpa, (x) A Sentz,.(z) — T(x)].

PROOF (i) is shown by meta induction on the complexity of A(zq,...,,) and
(ii) is shown by induction within Sy. See, for example, [25, Proposition 2.3]. m

If we add T-Cons to Sy, we obtain equivalence in Proposition 2.11 (ii).

2.12 COROLLARY For all arithmetical formulae A(x1,...,x,) whose free vari-
ables are among those exhibited,

So+ T-Cons - A(z1,...,zp) & TTA(Zy ..., 24,)"

PROOF Suppose T"A(z1 ...,2,)". As Sy F —A(z1,...,2) = TT-A(Zy ..., 2,)7,
T-Cons yields A(z1,...,x,). n

2.13 CorOLLARY Con(PA) is a theorem of B and C. ™

The theories B and C, though, are much stronger than PA + Con(PA). They
prove the same arithmetical statements as the subsystem ACA of second order
arithmetic which has arithmetical comprehension and the full induction scheme
for all formulae of second order arithmetic. The proof-theoretic ordinal of ACA
is ¢, (see [22], Theorem 23.4). Our first step will be to show that the model
construction for both B and C provided in [11] can be carried out inside ACA.
This is achieved by formalizing arithmetical truth in ACA.

2.14 PROPOSITION One can formalise a truth predicate Ty of complezity 11}
in ACA such that for all arithmetical formulae A(xq,...,x,),

ACA F A(l‘l, ey lZET) > arithI—A(I.l e ,l:r)_‘.

ProOF This is shown in [28], CH.3, §18, in particular Theorem 18.13. The
theory S! used there is a subsystems of ACA wherein induction is restricted to
1} formulae. ™

2.15 PROPOSITION FEwvery arithmetical statement provable in B or C is provable
in ACA.



ProOF For B, we extend the predicate Ty.;sp to a truth predicate for sen-
tences C of L7 by letting amth(r(}”) := Tyritn(TC?7) where C? arises from C
by replacing every subformula T'(s) of C' by s = s. Define an interpretation
*: L1 — Lo as follows

p* =p for p arithmetical.
(~A)” =~
(AOB)*=A"0OB* forOe {V,A}
(QuA())* = Qu(A@)” for Q € {¥,3)
(T())" = Tarin(s).

One then shows as in [11] that B+ C implies ACA - C*.
Similarly, for C one uses the extension TS ., ("B7) := Turitn(TB¢7) of the
truth predicate where B¢ arises from a formula B by replacing every subformula
T(s ) of B by s # s, and deﬁnes an interpretation ** : L7 — Ly in the same vein

as *, using Tamh instead of T amh ™

2.16 THEOREM B and C prove the same arithmetical theorems as ACA.

PROOF In view of the previous result it suffices to give an interpretation of
ACA in both B and C, which preserves arithmetical formulae. We will use sets
of the form {z | T("A(%)™)} to interpret the second order quantifiers. To avoid
clashes of variables we will assume that X, Xo, Xy, ... is the list of set variables
and z1,xs3,Ts,. .. is the list of numerical variables of £5. Let subn(n,m) be
a primitive recursive function such that subn("A(z)",m) = "A(m)™" if z is
the only variable which occurs free in the formula A(z). If n is not the Godel
number of a formula with exactly one free variable let subn(n,m) =0 =1".
The translation ¥ : Lo — L leaves first order atomic formulae untouched
and commutes with propositional connectives and numerical quantifiers. (¢ €
X;)¥ := T(subn(z;,t)) and (VX; B(X:))* := Va; (B(X;))*. Note that (¢ €
X; V-t € X;)tis T(subn(z;,t)) V =T (subn(x;,t)), which is provable in both
target theories owing to T-Comp. ¥ translates instances of induction axioms
into (other) instances of induction axioms and arithmetical statements without
set variables remain unchanged. So only the translations of the arithmetical
comprehension axioms need verifying. Let A(u, 7, X ) be without set quantifiers
and with all free variables exhibited. By induction on the length of A one
produces a term s4 (¥, &) such that

(1) Vu [T'(subn(sa (7, 2),u) < (A(u, 3, X))"]

holds provably in B and C. This is obvious for atomic formulae either by design
in the case of a formula ¢ € X; or by Corollary 2.12 for arithmetical atoms. In
the case of complex formulae it follows easily from the following equivalences
which are provable with the help of E-Inf, T-Cons and T-Comp:

\V/I_A—l, I—B_\[ (V__‘A_\) PN _\T(I_A_\)]’
VTATTBIT(TAABT) <> T(TA7) A T("B7),
VEA(Y) [T("3y A(y) ™) < T (TA(G) )]

—

(1) yields 3z;Vul[(u € X;)* < (A(u,v, X)), thus verifies the translation of
arithmetical comprehension. n



2.5 D: T-Intro T-Elim, T-Cons, T-Comp, V-Inf, 3-Inf, -T-
Elim, —T-intro

Of the nine theories, D appears to have received the most attention. Friedman
and Sheard proved that the theory D without V-Inference is a conservative
extension of Peano Arithmetic and later, in [14], Halbach showed D is equi-
consistent to the theory RT -, the system of w-times iterated truth. Sheard [25]
showed that D proves the same arithmetical theorems as its sub-theory Baser+
V-Inf 4+ T-Elim. We shall provide a direct proof that D is equi-consistent with
the second-order theory ACA(‘)”' , the theory ACAg together with the assertion
that for every set X the w-th Turing jump of X exists.

2.17 REMARK ACAZ is sufficiently strong for the development of some inter-
esting countable combinatorics. The Auslander/Ellis theorem of topological dy-
namics is provable in ACA{ as is Hindman’s Theorem (cf. [26, X.3]). The
latter says that if the natural numbers are coloured with finitely many colours
then there exists an infinite set X such that all finite sums of elements of X
have the same colour.

We also note that ACA{ is a theory that bears interesting connections to the
bar rule and parameter free bar induction [21].

2.18 DEFINITION Let 2 be an L-structure and X C dom®A. The pair (2, X)
can be viewed as an extension of A to the language L1 in the following way

o If A is arithmetical then (A, X) = A if and only if A E A.
o (U X)ET(x) if and only if x € X.

e In all other cases follow the standard inductive definition of satisfaction
for (A, X).

Define by recursion a sequence of Lp-structures
My = <N7 ®> s
My = (N,{TAT: 9, |= A})

and define The, = {A : FkVn > k. M,, = A}. In [11] it was shown that Th, is
then a consistent theory containing D.

2.19 NOTATION We denote by j(X) the Turing jump of the set X, that is,
§(X) = {{e,z) : {e} ¥ (2) 1}

where {e}X(x) | denotes the formula stating “the eth recursive function with
oracle X is defined on input x”. Define the n-th jump of X as follows jo(X) =
X, jnt1 = j(Gn(X)) and the w-jump of X, ju,(X), to be {{n,z) : v € j,(X)}.
If Y is a set then (Y), = {z : (n,x) € Y} is the n—th section of Y. If A
and B are sets then A <7 B denotes that A is Turing reducible to B i.e. the
characteristic function of A is computable with the oracle B.

2.20 DEFINITION ACAS‘ 1s the theory of ACAg together with the axiom

VXY (Y)o = X AV (Y)ni1 = j((Y)n)):



2.21 PROPOSITION ACA{ proves, given a set X, the evistence of the set

SX = {FA": A is an L1 sentence which is true

when ‘T’ is interpreted by X}

PrOOF ACA{ is equivalent to the schema of w-times iterated arithmetical com-
prehension (follows from [1, Lemma 3.4]), i.e. for every arithmetical formula
A(u,U) and set X there exists Y such that (Y)o = X and

VnVx [33 S (Y)n+1 - A(ﬂ?, (Y)n)]

where (V)" denotes the set {(k,z) : k < nAx € (Y)i}. Define ZX = {z :
Axpra(r)V Iz € X (x ="T(2)")} and pick A% (z,U) to be the formula

IBLTCT<x(x="BACTATBT € (U)gA"CT € (U)c)) V
IB'<z(x="-B7ATB¢ (U)‘B|) V
3"B(x)" <z (x="VyB(y)" AVn"B(n)" € (U)|p0)))-

In the above |A| represents the complexity of A (with |T'(s)| = 0) which is
primitive recursive in "A7. We now argue informally within ACAJ. By the
observation above there then exists a set Y~ such that (Y)o = ZX and (Y )41 =
{x : AX(z,(Y)™)}. By induction we verify that (n,”" A7) € Y if and only if A is
an L7 sentence with complexity n and which is true when ‘I’ is interpreted by
X. Finally, pick S* = {z: 3n z € (Y),}. Then since Y is known to exist SX
also exists and we are done. n

2.22 THEOREM Every arithmetical theorem of D is a theorem of ACA{ .

PROOF We shall use the model construction for D in [11] to show that D is
reducible to ACAS‘ . Let 9% be an arbitrary model of ACAar. Then 90 is iso-
morphic to a model (A, X) = ACA] where 2 |= PA and X C Pow(dom ) (the
power set of the domain of ). We argue informally within 9t. We begin by
constructing an hierarchy of models within ACA{.

where Sy = 0 and S,.; = S° as defined in Proposition 2.21. There was
also demonstrated that each step in the hierarchy is definable within 9. Now
let Thoo = {A: InVk > n A, = A}. We shall show that A € Thy, whenever
DtE A. If Baser - A or A is one of T-Consistency, T-Completeness, V-Inference
or F-Inference then Ay = A for all k > 0 and so A € Thy. If A € Thy then
there is an n such that for all k > n, A, &= A. Thus "A™ € Si41 for all k > n,
ie. Ay ET(TAT) for all kK > n + 1, and hence T("A7) € Thy. Likewise the
converse also holds and so Th, is closed under T-Elimination.

Now we observe that if A is an arithmetical formula such that D+ A then
there is an n such that for all k > n, 2, = A. However, A is arithmetical, so
we must have 2 = A and hence MM = A. But the choice of 9 was arbitrary
thus, it follows that every arithmetical theorem of D is a theorem of ACA{. m

We now attempt to show that ACA] can be reduced to D. To do this we need
to take a detour into an intermediary theory. Let E, be new set constants and
let D,, be the formula j,,(E,) = E,4+1. The system ACAY is defined to be ACAy
together with the axioms D; for each i € N.
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2.23 LEMMA (Rathjen [21, 3.2]) IfVX3IYF(X,Y) is a sentence of second-order
arithmetic such that F(X,Y") arithmetical then

ACAJ FVX3TY F(X,Y) <= ACAE F IYF(Ey,Y)
PROOF See [21]. n

We will show that any model of D can be extended to a model of ACAS. To
do this we will need to prove three auxiliary lemmata establishing Tarskian
biconditionals for subsets of L.

2.24 LEMMA For all A € Lpa, D Va. TTA(2)” « A(x).

PROOF Axiom 3 ensures the above holds for all atomic formulae. The re-
maining axioms allow T to commute with all connectives, except for the case
InTTA(n)" — TT 3z A(z)™ an argument for which follows.

D F Vn. Provpra™ A(n) — JyA(y)”
DEVn. TN A(n) — JyA(y)”
DEInT A(n)" — T IyA(y)” n

Halbach showed (in [14]) that we can generalise the above lemma to a subclass
of L given by the following stratification of Lr.

(1) [:0 = £;

(ii). Ln41 is the language £,, expanded by all the formulae of the form

T(t) A Senty, (t)

for t an arbitrary term, where Sent, (z) is a predicate in £ expressing
that x is the Godel number of a sentence of the language L,,. L1 is the
closed under the usual rules for formulation of formulae.

2.25 LEMMA Dk Vz. Sent, (z) — (T(x) < T7T(x)™).
PROOF See [14, Lemma 5.2]. n

We require one further lemma before we can begin the reduction. Denote by
A~ the formula obtained by replacing (in A) each subformula of A of the form
T"B(%)" where B € L1 has at most « free with B(z).

2.26 LEMMA Let A be an Lp formula in which all occurrences of T'(s) as sub-
formulae are found amongst the list T" Bo(do)", T"B1(d1)", ..., T"Bp(d,)"
with B; € Lp with at most x; free (i <n). Then

DEVz. A(x) < TTA™ (1)

PRrROOF By induction on the complexity of A. If A is atomic then either A € L,
in which case A~ = A and A < TT" A~ 7 by Lemma 2.24 or A is T" B;(&;)" for
some ¢ in which case the result is immediate.

The case where A is a composition follows by induction since 7' commutes
with all connectives and quantifiers. n

11



2.27 THEOREM Every arithmetical theorem of ACA{ is a theorem of D.

PRrROOF Let 91 be a model of D. Our aim is to construct, within 9, a model
for ACA{ and then invoke Lemma 2.23. 90 is isomorphic to a model (A, ¥) of
D where 2 |= PA and T € Pow(dom®). Let £, = J,, £,,. The universe of sets
X is given by all sets of the form

Xa:={n:T A(n)"}.

for A € L, with at most one free variable. Induction for arbitrary L formulae
in D provides us with the induction axiom for sets in ACAy. Arithmetical
comprehension provides no problem because Lemma 2.24 shows that Va. A(x) <
x € X4 for all arithmetic A.

It remains to define the set constants E,. Define by double recursion on n
and k the following formulae.

Coz) = L
Cit(z) < TTC% (41)7 A Sentg, TC% (i2)7
Ck+1

Cpii(@) & {21} (22) |
Let f be a primitive recursive function such that f(k,n,z) = "C¥(i)". Now for
each k define E;, = {(n,z) : M =T (f(k,n,x))}.
2.28 PROPOSITION Eg = 0 and for each k € N, (n,z) € Exyq if and only if
T € jn(Ek)

ProoOF First we should observe that we have VnVx Sent, (f(k,n,x)) for each
k so by Lemma 2.25

D FVnVz. T(f(k,n,x)) < TTT(f(k,n,z))".

We can now prove the claim by induction on k.
The base case is trivial with Lemma 2.24 and we prove the induction step
as follows by arguing within the model 9.
(0,2) € Epy1 <= T(f(k+1,0,2))
< T"T(f(k,z1,22))" A Sentz, (f(k,x1,22))
by definition of C’ffﬂ (x) and Lemma 2.24
= T(f(k,z1,22))
<— x € Eg.
n+1,2) €Bpyy <= T(f(k+1,n+1,x))
— {xl}T(f(k+1,n+1,z))(x2)l
by Lemma 2.26,
—zej{y:(n+1,y) €Eri1}
< € jui1(Ep). -
Finally, (A, X, (E,,)nen) forms our model of ACAF and any arithmetical theorem

of ACA{ is an arithmetical theorem of ACA§ by Lemma 2.23 and hence is a
theorem of D, as required. n

2.29 COROLLARY ACA{ and D have the same arithmetical consequences.

12



2.6 Lower bounds for £, 7, G and 7

In order to analyse the stronger theories of £ to Z we will need to develop
an ordinal notation system so that we may make sense of principles such as
transfinite induction within these theories.

2.6.1 Ordinals

Let ON be the class of all ordinals. Define a class of functions ¢, : ON — ON for
« € ON indexed by ordinals by transfinite induction as follows.

(i). ¢p is the function a — w®.

(ii). Define @441 to be the enumerating function of the class {€ : 9o (§) = £},
that is, @41 enumerates the fix-points of the previously defined function.

(iii). For limit ordinals A, ¢ enumerates {& : pg(§) =& for all < A }.

It is easy to show that, for each «, ¢, is continuous and strictly increasing,
which means the class {£ : 9o (§) = £} is unbounded in ON ([22, V. Theorem
13.8]). This enables us to deduce that ¢, is well-defined for every o € oN. We
will write @ in place of ¢, (5). We will denote by &, the ordinal pla and say
an ordinal v is an e-ordinal if v = ¢, for some a. It should be remarked that
since, by definition, an ordinal paf is a fix-point for every function ¢, with
v < « it is the case that pypaf = paf whenever v < a.

The Feferman-Schiitte ordinal, 'y, is then the least ordinal closed under
the two-place function «, 3 — @af3, that is, the least ordinal greater than 0
such that paf < T'g whenever a, 5 < I'g. T'g is countable and hence there is a
bijection between I'g and N, however for our theories to make sense of such an
embedding we require the following result.

2.30 PROPOSITION There are primitive recursive sets OT C N and <C N x N
and a bijection T : (Tp,<) — (0T, <) such that 7(0) = 0 and the functions
(1(a), 7(8)) — T(a+ B) and (t(a),7(B)) — T(waf) are primitive recursive.

2.6.2 Well-ordering proofs

Let o1, < and 7 be as given in Proposition 2.30. We now restrict ourselves to
looking only at the initial segment of the ordinals given by I'g and so, all ordinals
are, unless otherwise specified, smaller than I'y. Furthermore we identify ordi-
nals o with their representatives, 7(a)). Lower case Greek letters «, (3, etc. are
taken to range over ordinals (elements of OT) and lower case Roman letters z,
Yy, m, n, etc. range over natural numbers. That is, Vo A(«a) will abbreviate
Vx. x € oT — A(z) and Ja A(«) denotes Jz. © € OT AA(x). When there is no
case for confusion we write a < 3 in place of a < (3. Recall Sy = Baser + V-Inf.

2.31 DEFINITION Let S1 = Sg + T-Elim, Sy = Sy + T-Del 4+ T-Intro + T-Elim.

2.32 NOTATION Transfinite induction up to a for a formula A(z), Tl(a, A), is
given by

Prog A — V& < a A(§)
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where Prog A states the progressiveness of A(x) in x along <, i.e.

V3. (V€ < BA(E)) — A(B).
We denote by 1(y) the formula V" A(x) T TI(y, A)™.
2.33 DEFINITION The proof-theoretic ordinal of a theory S (written |S|) is the

least ordinal o such that S and PA + {TI(3,A) : B < a and A € L} prove the
same arithmetical statements and, moreover, that this can be verified within PA.

Sheard [25] proved the following.

2.34 LEMMA ([25, Lemma 3.6]) Let a(n) be an ordinal term (with variable n)
and X\ an ordinal such that PA = sup, a(n) = X. Then Sy F Vn. I(a(n)) —

I(N). ]

2.35 LEMMA (/25, Lemma 3.7])Let §(a) be an ordinal term (with o an ordinal
variable) such that PA F VA, limit(A) — 6(\) = sup,.y0(e). Then Sy F
VA limit(A) — (Vo < A\)I(6(a)) — I(8(N)). n

We now use these results to establish some properties of the formula I(z).

2.36 LEMMA For every ordinal o, if S1 + I(&) then S1 + Tl(&, A) for all for-
mulae A € L. -

2.37 LEMMA Sy + T-Del b Vo TTI(¢)7 — I(a)

PROOF Notice that Baser - V" B(x)". T"VzB(x)" — V21" B(%)". By instan-
tiating I(x) for B(x) above and using T-Deletion we obtain the result. n

2.38 LEMMA Sy F Va. I(a) — T(w®).

PRroOF Since for each formula A € L there is a formula A’ € L7 constructed
primitive recursively from A such that PAr F V3. TI(3,A") — TI(w?, A).
Proposition 2.11 implies Sy F V™ A(z) 737 A" (2) T T("VB3. TI(3, A") — TI(wP, A)7).
Thus V-Inference and Baser yield Sy V3. 1(3) — I(w?). n

2.39 LEMMA Sy FVavB. I(a) ANI(B) — I(a+ 5).
PROOF The proof is essentially the same as that of Lemma 2.38. n

2.40 LEMMA Sy F Va. I(a) — I(a®) where aT denotes the least e-number
larger than a.

PROOF By Lemma 2.38 we may deduce, by induction, Sy F Va. I(a) —
Vil (wp(a + 1)), where wo(a) = o and wy,11(a) = w*(®). Then, since a*t =
sup,, wn(a + 1), Lemma 2.34 yields the result. =

Lemma 2.40 amounts to showing Prog A where A(x) is I(g;) (the limit case
being provided by Lemma 2.35) and thus we may show

2.41 THEOREM Si b TI(B3, A) for every B < ©20 and every A € L.

PRrROOF Observe that 20 is the least ordinal a > 0 such that 5 < o whenever
§ < a. Now if 1 = TI(3,A) for every A € Lr then Sy F I(ez) and so
S1 F Tl(eg, A) for every A € L. n
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2.42 COROLLARY 20 < |Sy]. ™

S1 is a sub-theory of the theories D to Z. The above theorem shows that Sy
proves the same arithmetical theorems as D (since |ACA™| = 20). However,
as we shall see, the theories £ and F are strictly stronger than D; both prove a
reflection principle over S;.

2.43 PROPOSITION Sy | V. Provg, (x) A Sentz, (z) — T'(x).

PrROOF By T-Introduction we have Sy - T" A7 for each axiom, A, of S;. From
this together with Proposition 2.11 (i) (and since the property of being the
Godel number of an axiom of S; is primitive recursively decidable) we deduce
that Sy - Vz. Axg, () — T'(z). We now argue informally within Sy by induction
on the length of proof. Since the predicate T is closed under logical deductions
the only thing to check is the use of T-Elimination. Suppose B was deduced
within S7 via an application of T-Elimination. Then 7" B is provable in Sy
and by the induction hypothesis we have T"TT™ B™". So, by T-Deletion, we have
T"B™ as required. n

As opposed to working with reflection principles and attempting to extend
the result of the previous Lemma, it is easier to obtain a lower bound for Sy by
extending the ordinal analysis we established for S; as follows.

2.44 LEMMA For each n < w, Sz FVa.I(a) — I(pha).

PrOOF By induction on n. The case n = 0 is given by Lemma 2.38 so suppose
n=m+1and (1) So F Va. I(a) — I(¢ma). We argue informally within Ss.
By induction on k from (1) we deduce

(2) Va. I(a) — Yk I(¢"ma)

where p’a = 3 and *Tlap = pa(pFaB). sup, pFaf = ¢(a + 1)3 so from
(2) we deduce (3) I(¢n0) and (4) Va. I(pna) — I(pn(a + 1)). Now (3), (4)
and Lemma 2.35 lead us to Prog B where B(z) is I(¢nx) so we deduce

(5) Va. Tl(a, B) — I(pna).

An application of T-Introduction and Lemma 2.37 to (5) means Sy - Va. I(a) —
I(pna) as required. n
2.45 COROLLARY [&], |F| > ¢uwO.

Proor Fix some § < @w0. Then there is an n such that § < ¢n0. By
Lemma 2.44 we deduce Sy F I(¢fi0). T-Elimination shows Sy = Tl(¢n0, A)
from which we may deduce S, - TI(3, A). However Sy is a sub-theory of both
£ and F. [

3 A Proof Theory for truth theories:
Upper bounds for F, G, 7 and £.

We now take a detour into infinitary logic to establish upper-bounds on the
proof-theoretical strength of the systems &£, F, G and Z. See Cantini [6] for a
detailed investigation of H. We will begin with F.
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3.1 DEFINITION An Lp-formula is in negation normal form if it is generated
from atomic and negated atomic formula (called literals) via the usual connec-
tives A, V, Vx and Jx.

The rank of an Lp-sentence A, |A|, is defined in the usual sense as the
complezity of A, but with all literals in L1 being assigned rank 0 (including T'(t)
and —T(t) for closed terms t).

We now assume that all Lp-sentences are presented in negation normal form
and we only deal with sentences (closed formulae) unless otherwise stated. A
sequent is a finite set of Lr-sentences.

3.2 NoTATION If T and A are sequents and A is an Lr-sentence then by I') A
and T'; A we denote the sequents T'U A and T' U {A} respectively.

If s is a closed term then s denotes the interpretation of s in the standard
model N.

3.1 An infinitary system for F

We are now ready to define an infinitary system for F. We formulate it in the
usual Tait-style sequent calculus as follows.

3.3 DEFINITION (Inductive Definition of F,,) Let T be a finite set of sentences
of L1. Define FOO% ' for a € OT and n,k < w by transfinite induction on o

as follows (‘Fso’ will be omitted for notational convenience).

(Ax.1.) }% I'A if A is a true arithmetical literal.

(Ax.2.) F=T,=T(t),T(s) if tN = s".

(Ax.3.) }% L, =T(t) if tN is not the Gidel number of an Lr-sentence.

(N) If %F,Ao, }%F,Al and «, 3 < 6 then }%F,Ao/\Al.

)

(Vi) If *—T,A; and o < § then P—T, AV A i<1)

)

Q) If }% T, A(t) for some term t and o < (3 then }'B— D, 3zA(x

n, k
(w) If }% I', A(m) for each m < w and o < 3 then i - L VzA(x

(Cut) If }% I A, }% I,-A, |Al <k and a, 3 < § then }% .

(T-Intro) If F— A, a < 3 and n < m then }% [, T(t) whenever tN =T A",

n, k

(T-Imp) If }— IT(¢ }—I‘ T(imp(t,s)) and o, 5 < § then }%F,T(s)

(T-Del) If }% I, TT(t)7, where t is the Godel number of an Ly-sentence, s~ =
tN and o < 3 then }% I',T(s)
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(T-U-Inf) f L, T A(m)" holds for all m, a < (3 then }%F,T(t) whenever

n, n,

= VxA( ).

We refer to the rules (T-Intro), (T-Imp), (T-Del), (T-U-Inf) as T-rules. In
}— I', o denotes the length of the derivation, k the cut-rank, and n the T-

Intro rank of the derivation. As above we will omit explicit mention of the
infinitary system under consideration whenever there is no room for confusion.

In each of the above rules the distinguished formulae that occur in the con-
clusion are called active and the distinguished formulae in the premise(s) are
called minor formulae. Formulae that appear and are neither active nor minor
are called side formulae.

3.4 PROPOSITION The following hold for all a, n and k

(i). Monotonicity: % ' a<p, k<l andn <m implies }% T.
(ii). Weakening: %F implies %F,A.
(i) If }% I' A and A is a false arithmetical literal then }L r.

n, k
(iv). If }% I, A(t) and s =tV then %I‘,A(s)
(v). If }%F,T(t) and tV is not the Gédel number of an Lr-sentence then
i T
(vi). If E=T,(2)T(s), (-)T(t) and s =" then [T, (=)T(s).

PROOF (i)—(vi) all follow easily by induction on «. For weakening it is important

that (T-Intro) is formulated to allow side formulae in the conclusion. We shall

prove (v) and (vi) as these differ most from the standard infinitary results.
(v). Suppose }— [, T(t) and " is not the Gédel number of an Lr-sentence.

If T',T(¢) is an axiom and T( ) is not active then it follows that I' is an axiom,
thus we may suppose that T'(¢) is active. In that case I', T'(¢) must be an instance
of (Ax.2) and so of the form I, =T'(s), T'(t) with s" = ¢ and I C T'. However,
then IV, =T'(s)(=T) is an axiom of the form (Ax.3) and the result holds. Now
suppose the assumption arose from a rule of inference. If T'(¢) is not active then
T'(t) occurs in the premise of the rule used and so by the induction hypothesis
and re-application of the rule in question % T" holds. Thus we may suppose

a >0 and T'(¢) is active. In this case the assumption was derived via a T-rule.
This may not have been via an application of either (T-Intro), (T-Del) or (T-U-
Inf) as these require ¢ to be the Gédel number of an Lp-sentence. For (T-Imp)
we observe that if N is not the Gédel number of an Lr-sentence then neither is
imp(s,t)Y for any term s and so the result follows by the induction hypothesis.
(vi). We need only consider the case where (=)T'(¢) is active. If ", (=)T'(¢)
is an axiom then I', (—)T'(s) must be as well and we are done. The only other
situation that may arise is that we are considering T', T'(s), T'(¢t) and that this
follows from an application of a T-rule. For (T-Imp) the argument is as follows.
Suppose we have

% L, T®), T(s), T(t) and }% I, T(imp(t', 1)), T(s),T(t)
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for some By, B1 < a. We have assumed " = sV and so also imp(#,s)" =
imp(#', )N, hence by applying the induction hypothesis twice we deduce

CRDT(W), T(s)  and T T(mp(ts)), T(s)

from which }% T, T(s) follows by (T-Imp). The other cases involve essentially
the same argﬁment. n

Henceforth we freely use (i)—(vi) above without mention.

3.5 DEFINITION Suppose o = w™ + - +w® and f = w0 + - + WP with
g > a1 > >, and By > - > B Letyg, ..., Ymant1 be an enumeration
of the ordinals o, ...0m, Bo, .., Bn (with repetitions) such that i > Vi1
for every k < m+mn+1. Then define the natural sum of o and 3, o # 3, to be
given by w0 4 - 4 WYmAnt1,

3.6 LEMMA (Reduction Lemma for F,,) Suppose % A and}% A, A with
|A| = k. Then }z—iﬁ A

PROOF By induction on the natural sum of o and 5. Due to our definition of
the rank |A] = |-A|.
Case 1. Either A or —A is not active.

Without loss of generality we may assume A is not active, for which we have
two scenarios: either I' is an axiom, in which case I', A is also an axiom and
we are done; or a > 0 and % I', A follows from a rule. Provided the rule

was not (T-Intro) A must have been present in the premise(s), in which case
application of the induction hypothesis to each premise in turn together with the

derivation }% A, = A followed by re-application of the rule considered achieves

the desired conclusion. This is fine since A is assumed not active and if ap < a
then ag # 0 < a # G for all 8. However, if the last rule was (T-Intro) then
since A was not active it may be omitted in the conclusion and so the result
holds by monotonicity.

Case II. Both A and —A are active. Here we have two sub-cases depending on
the value of |A|.

Case Ila. |A| = k = 0. Then one of ', A and A, = A must be an axiom, since if
A is not arithmetical then one of A and —=A must be of the form —T(¢), which
may only play an active role in axioms. Without loss of generality we may
assume ', A is an axiom.

(Ax.1.) If A is a true arithmetical literal, then —A is a false arithmetical literal,
and so }:Liﬁ ', A follows from Proposition 3.4(iii), weakening and mono-
tonicity. 7

(Ax.2.) In this case T, A is IV, =T(¢),T(s) with T/ C T and s = . If A is
T'(s) then by assumption we have }% A,=T(s). However, s& =tV so
by Proposition 3.4(vi) }%A, —T'(t) holds. As —T(t) € T' we obtain

}:7#;5 I', A by weakening. Now suppose A is =T'(¢t). Then there are two

cases for us to consider: if ¢V is the Gédel number of an £r-sentence then as
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before we may deduce }7 A,T(s) and hence }ﬂ I, A; and if V is not

the Godel number of an ET sentence then by Pr0p051t10n 3.4(v) we may
conclude }ﬂ I" and the result follows by weakening and monotonicity.

(Ax.3.) Here A is =T(t) and ¢ is not the Gédel number of an Lr-sentence, so by
Proposition 3.4(v }— A and so again }— A

Case IIb. |A| =k > 0. Now A cannot have the form T'(t) or =T'(t). Suppose
% I', A was derived via

(A). Then A is Ag A A1 and we have (1) }— T, AgAAq and (2) }i— A=AV
—A;. Since both A and —A are assumed active ( }i I'A;, Ag A Ay and

4) % A, —A;, —Ap V - A; must also hold for some «; < a (i = 0,1) and

Bo < B. Firstly we apply the induction hypothesis to the pairs (1) and
(4), (3) and (2) to obtain

) NS
and

%:”:5 T A, A .

Now by (Cut) (as [A;] < |A] = k) }%MF A

(w). Then A is VzB(x) and }% ,—A was derived via (3). Therefore we
have (1 )Fr VaB(z F A,3z-B(z }”‘—°r B(m), Yz B(z) for

every m < w and some ap < a and

(4) % A, ~B(t), 32-B(x)

n7

for some term ¢ and By < (. (3) and Proposition 3.4 (iv) imply
(5) T, B(imo), Vo B(x)

holds where mgo = t. Now we may apply the induction hypothesis to (1)
and (4), and (2) and (5) to obtain

FER P A-B() and  (7) 2ET, B(ing)

Proposition 3.4(iv) shows that from (6) we can deduce

jiﬁo F7 A7 _'B(mo)

a#pB

. I', A as desired.

which cut with (7) yields

n7

(V;) or (3). These are symmetric to the cases (A) and (w) above.
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(Cut). Since A and —A are assumed active the last rule applied could not have
been (Cut).

A T-rule. Again, since A is assumed active, and of positive rank the last rule applied
could not have been a T-rule. -

3.7 THEOREM (Cut-Elimination Theorem for Fy)

Fooh ' implies Foo}ﬁ I.

PrROOF By induction on the length of the derivation. If I' is an axiom the
result is immediate, and if the last rule used was anything other than (Cut)
the result follows by an application of the induction hypothesis. So suppose we
have }zOT_H I' A and }:ITH I', A with «ag, a1 < a. Applying the induction
hypothesis we deduce }%}: I’ A and }% I',-A. If |A| < k then we may re-
apply (Cut) and are done. However, if |A| = k then by the Reduction Lemma
@0 @1l
}% I" holds. But w™ # w®' < w® so the result holds by monotonicity. m

The next step is to show that F is closed under T-Elimination. This is not
immediate because of the (possible) presence of side formulae when analysing a
specific inference rule but we may overcome the problem by defining an hierarchy
of models indexed by natural numbers and ordinals which provide models of
‘finite’ subsystems of F,,. We write Foo}% I' for FOO}Z—O T.

3.8 DEFINITION For each n € N define f, : a — on(pla). Now for every
n > 0 and « define the Lp-structure

M = <N, {"B™: Foo}fnnim) B for some m < n}>

and let MG = (N, ().

If T is a finite set of sentences, I' is said to be T-positive if for each A € T’
the predicate T" only occurs positively in A, and we write 9 = T' to mean 9
satisfies the disjunction of all members of T'.

3.9 ProPOSITION (Monotonicity of M%) If m < n, a < § and A is T-positive.
Then M, = A implies MY = A.

PROOF As f,,(a) < f,(8) this is a consequence of monotonicity for Fs,. ™

3.10 LEMMA (T-Elimination for Fy,) For every T-positive sequent I" and every
n < w we have

(i). If Bl T then 9% = T.

(i) If Foo}% T(s) and s =TA7 then Foow A for some m < n.

ProoF We proceed by main induction on n and subsidiary induction on
a.
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Case n = 0. (i). This immediately holds for axioms (Ax.1) and (Ax.2)
and the rules (A), (V;), (3), and (w) by the inductive definition of satisfaction
and the choice of MG. The case of axiom (Ax.3) and the T-rules hold vacuously
since the interpretation of T' is empty. Furthermore, no applications of Cut have
been assumed. (ii) holds because Foo}% T(s) implies MG = T'(s) by (i), and this
is impossible.

Case n = m + 1. We now proceed by induction on «. (i) holds for axioms
(Ax.1) and (Ax.2) and for the rules (V;), (A), (3), (w) as before. Due to our
choice for ME we observe that (Ax.3) is also satisfied. By assumption no ap-
plications of (Cut) have been used so this leaves only the T-rules to consider
which will be dealt with individually as follows.

(T-Intro). If FOO% A for some v < a then v < f,(a) and so M = T'VT(s) whenever
sN=rAn

(T-Imp). If M =T then we are done, so suppose otherwise. Then the induction

hypothesis implies 9)° = T(t) and M) = T'(imp(t,s)) for some 7,

v < a. T2 B T then B2 B and B2 - B A for A and B

such that "B = tN and "A7 = s. We may now apply (Cut) to deduce

Foo}f:i(:) A where k = |B| + 1 from which we obtain, by Theorem 3.7

applied k times and observing that w/*(®) = f, (a), Foo}{n"i(a) A and so

(T-Del). Suppose v < o and M} = TTTT A7 for some Lp-sentence A. Thus

Foo}f:—m TTA™ holds. However by (i) we know m # 0 and so by the

main induction hypothesis (ii) we obtain Fy ;m(f” D) 4 for some p < m.

However since n > 1 we have plf,(a) = fo(a), and so fp(fu(a)) =
em(plfn(a)) = fu(a). Thus we may deduce M = T™ A7 by monotonic-
ity and the definition of 92 .

(T-U-Inf). If, for each k, v, < a and M)+ = T A(k) 'then FOO}Z::(*%) A(k) for each

k. Thus Fool® v A(z) by (w) (since fu(a) > fa(s)) and hence MM =
TVzA(z)™

(ii) is now an immediate consequence of (i) and monotonicity. n
As a consequence of Lemma 3.10 we obtain

3.11 THEOREM (T-Elimination Theorem for Fy,) For every a < ¢w0, n € N
and Lr-sentence A

(i). Foo}% T A" implies Foo}i"i(a) A.
(ii). Fxle =TT A7 implies Fogls ~A .

PROOF (i) is now an immediate consequence of Lemma 3.10(ii) since f,(a) <
fn(pw0) = w0.

(ii). As observed in the Reduction Lemma for F., and since the derivation of
=TT A7 is assumed cut-free, }% =TT A" must be an axiom. The only axiom avail-
able is (Ax.3) which assumes "A™ is not the Gédel number of an Lp-sentence.
Contradiction; hence (ii) holds vacuously. n
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3.12 NoTATION If A is an Lp-formulae then denote by A* the sentence obtained
from A by replacing all free variables in A with arbitrary closed terms. This
notation is extended to sets I' of Lp-formulae.

3.13 PROPOSITION  (i). If A is an aziom of Baser then Foo}% A*.
(ii). Foo% T-Del AV-Inf for some finite p.

PROOF (i). It is easily shown for each theorem A of PAr (including each in-
stance of L7 induction) that Foo}::—:p A* for some p,k < w (cf. [23], 3.4.2).
Hence Foo% A* by Theorem 3.11 for some « < &g.

All that remains is to show the truth axioms are also derivable. We will deal
with axiom (3) of Baser; (2) follows by the same argument. From what we
have already established and an application of (T-Intro) Foo}% T A*7 holds

for some finite p whenever A is an axiom of PRA. However, since the property
of being the Godel number an axiom of PRA is decidable we may conclude
that for every term ¢ there is a finite p such that Foo}f—o —Axpra (t), T(t) hence

Foo}% V. Axpra(z) — T(x) .

For axiom (1) we need to show Vz,y. T(z) AT (imp(z,y)) — T(y) is derivable
in Fy. Suppose m and n are Godel numbers for Lp-sentences. Then (Ax.2)
gives

0 _ . o _
% ﬁT‘(Tn‘)’ ﬁT‘(lrnp("na n)a T(m)
and
0 _ . o . o
% =T(m), T (imp(m,n), T(imp(m, 7i).
By an application of (T-Imp) we can therefore deduce
1 _ . o _
(1) % =T(m), T (imp(m,n), T(7)

whenever m and n are Gédel numbers for Lp-sentences. By (Ax.3) we also have
(1) where one of m or n is not an Lp-sentence, hence (1) may be deduced for

any m and n. Applications of (V;) yields %—'(T(m) A T(imp(m,n)) V T(7)
and so (w) completes the proof.
(ii). We will show T-Deletion is derivable, V-Inf is similar. Suppose m is an

Lp-sentence. By (Ax.2.) %T'—T(m)—',—|T’_T(m)j holds and so by (T-Del) we
can deduce

(2) [ T(m), ~ T T ().

However (Ax.3) also allows us to deduce (2) for any m not an Lr-sentence.
Hence, by an application of (Vq) and (V1) we deduce

[ =TT ()7 v T(1m)

holds for each m. (w) finishes the derivation of T-Deletion. n



3.14 THEOREM Suppose F F A and n is the length of this derivation, i.e. the
n (0
total number of symbols occurring in the proof. Then Foo}%fl) A* .

PrOOF Note that f,,(0) < fx(0) holds for all m < k.

We proceed by induction on n. Observe that all the axioms of F are provable
in Fy, with length fo(0) = ¢, cut-rank 0 and T-Intro rank 1 owing to Proposition
3.13.

Suppose the last inference was T-Elim. Then F F TT A7 with total length

m < n. Inductively we then have Foo}fnmy’ii? TTA". Theorem 3.11 implies that
Fy f:gm(o)) A. As £ (fm(0)) < fn(0) we arrive at Foo}i%o) A.

If the last inference was —T-Elimination a simplified argument employing
Theorem 3.11 (ii) can be used. Furthermore, any application of T-Introduction
follows through to F. In the case of any other inference the assertion follows
immediately from the induction hypothesis using the same inference or (w) if
the last inference was (V). Additionally observe that in the case of (Cut) the
total length of the proof exceeds the cut rank of any cut formula appearing in

it. [ |

3.15 THEOREM The theories F and PA+TI(<pw0) prove the same arithmetical
theorems.

PrOOF The lower bound is provided by Corollary 2.45. For the upper bound
suppose A is an arithmetical sentence, F - A and the length of this proof is n.

n 0 . . . .
By Theorem 3.14 we deduce that Fw},fl’ifl) A. The cuts in this derivation may

be eliminated and as f,(0) < ¢(n + 1)0 we deduce Foc}w A. Moreover

we deduce FOO}M A as A is arithmetical and thus A is derivable in F.
directly from axiom (Ax.1) and rules (A), (V), (w), and (3). Whence if A is of
complexity II? for some (meta) k, then all formulae occurring in this cut-free
derivation belong to the same complexity class. Thus by employing a partial
truth predicate for formulae of complexity at most I19 and transfinite induction
up to ¢(n + 1)0 we would like to conclude that A holds. For this procedure to
work, though, it is necessary to formalize infinite derivations in our background
theory. To be able to do this we need to show that certain infinite derivations
and operations like cut elimination we perform on them can be dealt with in
the theory PA + TI(<¢w0).

The language of PA is not rich enough to allow for quantification over ar-
bitrary infinite derivations. However, it is well-known that for proof-theoretic
purposes it suffices to deal with recursive infinite derivations or codes for re-
cursive derivations (even primitive recursive ones) where the nodes of the proof
tree are given by a recursive function (cf. [23, 12]). A recursive Fy-proof is
a recursive tree, with each node labeled by: A sequent, a rule of inference or
the designation “Axiom”, two sets of formulas specifying the set of principal
and minor formulas,respectively, of that inference, and three ordinals (length,
T-rank, and cut-rank) such that the sequent is obtained from those immedi-
ately above it through application of the specified rule of inference of F,,. The
well-foundedness of a proof-tree is then witnessed by the (first) ordinal “tags”
which are in reverse order of the tree order. We then have to show that none
of our manipulations on recursive F,,—derivations leads us beyond this class of
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recursive proof-trees. This is standard for the cut-elimination theorem and its
pertaining lemmas (cf. [23], section 5). The proof of Lemma 3.10 requires trans-
finite induction only up to f,,(0) for a sufficiently large (meta) n. The predicates
9P =T for m < n occur only in case 3 < f,(0) and T is a sequent containing
literals. But it is also necessary to couch the definition of the structures 9 for
n > 0 in terms of recursive proofs, i.e.,

Me = <N, {"B™: ngcw B for some m < n}> ,

where Fgfc% I' signifies that I is derivable via a recursive cut-free proof in F
with length <~ and T-intro rank < m.

Moreover, by viewing instances of (T-Intro) as axioms a cut-free derivation
also involves only formulae with complexity at most that of the conclusion.
Hence, given EOO}% A with A an arithmetical formula of complexity k we may
replicate the proof of Lemma 3.10 within PA + TI(f,(0)) by replacing 9%,
for m < n with partial truth predicates (indexed by ordinals) for formulae of
complexity k. n

3.2 An infinitary system for G

3.16 DEFINITION (GOO}%F) Define Goo}%F by induction on « by the rules

(Az.1), (Az.2), (Az.3), (Vi), (N), (V), (3), (Cut), (T-Imp), (T-U-Inf) (as de-
fined in Definition 3.3 but without a bound on the T-Intro rank of the derivation)
together with the rules

(T-Intro) If }% A and o < 3 then }%F,T(t) whenever tN =T A7,

(T-Rep) If }% I, T(t) and o < (3 then }gF,T(s) whenever s =TT (t)7.

Note, that the rule (T-Del) in Fs has been dropped in favour of (T-Rep) above.
(T-Rep) is also considered a T-rule.

3.17 REMARK Unlike in F we are not interested in keeping a bound on the ap-
plications of (T-Intro) used in a derivation; therefore we drop it as a parameter
in the deductions.

3.18 PROPOSITION Cases (i)-(vi) of Proposition 3.4 are all provable for Gu.

PROOF First we note that the existence of (T-Del) was completely independent
for the results of Proposition 3.4 in that it played no role except when considering
the case where (T-Del) was the last used inference. We provide the additional
argument for (vi) (the other results follow by similar arguments).

Suppose, instead that

=T, T(1), T(s)

(tY = sN) was derived via (T-Rep). Without loss of generality we may assume
T(s) is active. Then }%F,T(t),T(s’),T(s) holds for some § < « and s such
that s = "T'(s")7. By (iv) of this proposition we deduce }g I, T(s),T(s") holds,
and hence we deduce }% I, T(t) by (T-Rep) as desired. n
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The following now holds true for G.

3.19 LEMMA (Reduction Lemma for Go,) Suppose }% T, A and }%A, A with
|A| = k. Then }:—#ﬂ T A.

PROOF Precisely the same proof may be applied here as for the Reduction
Lemma 3.6 for F,,. The proof of Lemma 3.6 does not conflict with the removal
of (T-Del) and addition of (T-Rep) since the only situation a problem may
arise is in case Ila and there the proof only depends on those rules and axioms
deriving negative formulae, that is, deductions of the form }% I, —T'(t) with
—T'(t) active. The presence of (T-Rep) and the loss of (T-Del) have no effect on
this. ™

3.20 THEOREM (Cut-Elimination Theorem for G,)

a . i w®
GOO}TH ' implies GOO}IT T.
PRrROOF Immediate consequence of the Reduction Lemma. ]

The next step is to show that G, is closed under T-Elimination. For this we
employ a similar method as for F,, (Theorem 3.11).

3.21 DEFINITION For each ordinal o in OT define
me = <N, {TB": G2 B }>.

3.22 PROPOSITION Let a < 3 and A be a T-positive sentence. Then MG = A
implies smg E A

PROOF Immediate by the definition of 9t<. ™

3.23 LEMMA If T is T-positive and Goo}% T then MG |=T.

PROOF We proceed by induction on a. If T is an axiom then MG = T is
immediate, so assume }g I’ was derived via a rule. The cases of (V;), (A), (3),
(w) follow by the inductive definition of satisfaction and as the derivation is
assumed cut-free no application of (Cut) may have been used.

(T-Intro). In this case I is IV, T'(t) where t¥ =" A" and %A holds for some v < a.
Indeed by assumption we have IS |= T'(t).

(T-Imp). Now suppose }% r,T(s), % I, T(t),T(s) and %I‘,T(imp(t, s)),T(s) hold
where v, § < a. Seeking a contradiction suppose MG = —T' A =T (s).
Then we have IS |= T(t) and M§ |= T(imp(t,s)) by the induction
hypothesis and Proposition 3.22. Therefore s and ¢V are sentences, say A
and B respectively, and both Gm}% B and Gm}? —B, A hold. By (Cut)
we deduce GOO}% A, where k = |B| + 1, and so GOO}% A follows from

Theorem 3.20, since w® = ¢,. Thus MG |= T'(s), yielding a contradiction.
Hence MG =TV T(s).
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(T-Rep). Suppose DJT,CY; ETVT(s) and v < a. We want to show IS =TV T(t)
where tN = TT'(s)7. If SDT,CY; = I' we are done by Proposition 3.22, so
suppose 9375 = T'(s). In this case s" is the Godel number of a sentence,

say A and Goo}%A holds. By an application of (T-Intro) we obtain
GOO}Z—“ T(s) and hence MG |= T'(¢).

(T-U-Inf). If, for each n, v, < o and MG |= T A(n2)" then we deduce }% Ve A(z)
and so MC = T™VrA(x)™. -

3.24 THEOREM (T-Elimination Theorem for Go,) For every o and every Lp-
sentence A

(i). GOO% TTA™ implies Goo}f A.

(ii). Gm}% T A" implies GOC}% —A.

Proor (i). If GOO% TTA™ holds then by Lemma 3.23 it follows that 9MMS =

T A7, and so Goo};i A holds, as desired.

For part (ii), as for F,, we observe we cannot make a cut-free derivation of
—T("A7) for any sentence A and so (ii) holds vacuously. n

3.25 PROPOSITION (). If A is an axiom of Baser then GOO}:*M A* for some
finite n and k.

(ii). Goo}% T-Rep A V-Inf for some n.
PROOF The same argument as in Proposition 3.13. n

3.26 THEOREM (Embedding Theorem for G,) Suppose G - A and the length
of this proof is n. Then Gm}# A* where g(0) = ¢ and g(n +1) = £4(p)-

PRrROOF Proposition 3.25 and Theorem 3.24 allow us to deduce Gm}? A* in
the same manner as Theorem 3.14. Eliminating the cuts completes the proof.m

3.27 COROLLARY G and PA + TI(<p20) prove the same arithmetical state-
ments.

PRrROOF We proceed with essentially the same argument as for Theorem 3.15,
however Theorem 2.41 provides the lower bound for G and the previous theorem
provides the basis for the upper bound. n

3.3 An infinitary system for 7

To establish an upper bound for the system Z we have to refine the the model
construction technique used for G and replace G, in the definition of 9M< by
an infinitary version of PAr.
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3.28 DEFINITION (IOO}% I') Let PAL denote the infinitary system given by the
arithmetical azioms and rules and (Az.2), (Az.3) and (T-Intro), i.e. (Az.1),

(Az.2), (Az.3), (N), (V), (w), (3), (Cut) and (T-Intro).
Now we define the system 1, by the rules of Goo excluding (T-Intro) with

the addition of (T-Del) (defined in Definition 3.3, without the parameter n’)
and the azxiom

(Ax.4) Ioo}% [, T(t) whenever tV is the Gidel number of an Lr-sentence A and
PATIS A
Ezxplicitly, 1o has the azioms (Ax.1), (Az.2), (Az.3), and (Ax.4) and the rules
i), (N), (w), 3), (Cut), (T-Imp), (T-U-Inf), (T-Rep) and (T-Del).
In view of our work in previous sections the following are easily shown

3.29 PROPOSITION (7). Cases (i)-(vi) of Proposition 3.4 hold for both PA’
and s,

.. T . . a o
(ii). PAOO% T implies Iooh T;
(iii). If PALIS TTAT then PALIS A

PROOF We prove (iii) as this is the only non-obvious case considering our previ-

ous work. PAZJ% TT A" may only arise by (T-Intro), hence PAZO% A for some
p <o [

3.30 THEOREM Both I, and PAQ enjoy cut elimination with the same bounds
as for Fy.

PROOF (Ax.4) produces only T-positive active formulae, thus it is clear that
the same proof as Theorem 3.7 works for 1. n

As before we still require to show I, is closed under T-Elimination. This will
be done with a similar method to before.

3.31 DEFINITION Define Lr-structures ML by
I _ . pAT |Ea
m! = <N,{r37 . PAT[E B}>.
Then the following Lemma holds.

3.32 LEMMA If Ioo}% I' and T is a T-positive sequent then ML =T.

PROOF The proof follows the same routine as for Go,. If ' is an instance of
(Ax.4) then M! = T by definition and if the last inference was (T-Del) the
result follows by Proposition 3.29(iii). The other cases are identical to before.g

By combining this and Proposition 3.29 we can conclude that I, is closed under
T-Elimination.

3.33 THEOREM IOO}% T A" implies Ioo}z—“ A. n

All that remains is to embed Z into I, and read off the ordinal bounds; the
following are proved by essentially the same arguments as their counterparts in
the last section.
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3.34 THEOREM Suppose T + A and n is the total length of this derivation.
Then Ioo}% A* for some o < g(n), where g is defined as in Theorem 3.26.

3.35 COROLLARY T is a conservative extension of PA + TI(<¢20) and thus
IZ] = 20.

PROOF We proceed with essentially the same argument as for Theorem 3.15,
however Theorem 2.41 provides the lower bound for Z and the previous theorem
provides the basis for the upper bound. n

Our techniques also allow us the following observation.

3.36 THEOREM The conjunction of the following two sentences is independent
of T.

T("Vavy. (T'(z) AT (imp(z,y))) — T(y)")
T(V A(z) ™. Yn T("A(R)7) — T("VzA(z))).

Moreover, the theory obtained by adding this as an axiom to I has proof-theoretic
ordinal p30.

PrROOF We will sketch the proof here; full details can be found in [18]. Denote
by () the conjunction of the two sentences.

Consistency of the resulting theory is a consequence of Friedman and Sheard’s
model construction for Z, however, some work must be done in order to establish
an upper bound on its strength. To that aim we observe that (t) is derivable in
the system If_ given as I, with (Ax.4) replaced by

(Ax.4T) Ilo}% [, T(t) whenever tV is the Gédel number of an Lr-sentence A and
Gocls A.

Closure under T-Elimination can be shown for this system in the same manner
as before using the model

mt .= <N, (FB7: Q2B }>

but with necessarily larger bounds, namely Ilo}g—za A whenever Ilo% TrA™.
Thus Z + () proves no more arithmetical statements than PA + TI(<¢30).
The lower bound is the easier to establish as we simply observe that

Z + () F Va.Provg, (z) A Sentg,.(x) — T(x)

from which we deduce T + (1) F I(p2a), if T + (1) F I(a@). As the addition of
(f) to Z yields a stronger (but consistent) theory (1) must be independent from
1 ]

3.4 An infinitary system for &

£ is the most difficult theory to analyse. The presence of T-Consistency (along
with T-Introduction and V-Inference) means £ is w-inconsistent (McGee [19]).
Therefore the natural choice for E., could not possibly support full cut elimina-
tion. In fact the situation is worse; due to = T-Introduction if we attempted to
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carry out the proof of Theorem 3.7 in this situation it would appear necessary
to deal with negative occurrences of T' in sequents. However, it was crucial to
the proof that we only ever encountered T-positive sequents (Proposition 3.9
would fail otherwise).

Fortunately all is not lost. By formulating the rule (T-Cons) to represent
T-Consistency immediately followed by a cut we can ensure T-positive premises
yield only T-positive conclusions and reproduce Theorem 3.7 in the context of

E.

3.37 DeFINITION (Inductive definition of Es) Define Eol-—T' as Fx in Def-
inition 3.3 with the addition of 7

(T-Cons) If % I, T(s), }% [, 7(t), s¥ = (neg(t))N and a, 3 < § then }% T.

)

That is, Eo, has the rule (T-Cons) and all the rules and axioms of Fs, namely

(Az.1), (Az.2), (Az.83), (N), (Vi), (3), (¥), (Cut), (T-Intro), (T-Imp), (T-Del),
(T-U-Inf).

3.38 PROPOSITION Cases (i)—(vi) of Proposition 3.4 hold for Es. -

3.39 NOTATION Let Eoo}% I' denote Eoo}%o ', that is no applications of rule
(Cut) have been used. (The rule (T-Cons) may still have been used.)

3.40 THEOREM (Cut Elimination for Eo)
Ew}% ' implies Eoo}:ki(a) I,

where wo(a) = o and wi41(a) = wr(),

PROOF Since the rule (T-Cons) has no active formulae the same argument as
for Theorem 3.7 suffices here. n

3.41 REMARK Although we are able to remove all applications of (Cut) in a
derivation we are not, in general, able to remove applications of (T-Cons).
Therefore, although it may still be possible to derive the empty sequent, any
cut-free derivation of it must involve only literals.

We will now establish that E., like F, is closed under T-Elimination. Define,
for each n < w, the Lp-structure

me = <N7 {"B™: Eoo}fn"im) B for some m < n}>

with 9§ denoting (N, 0). Recall f,(a) = pnpla.

3.42 THEOREM Suppose Eoo}% I' and T is T-positive. Then the following holds
(i). Mo =T

(ii). T is not the empty sequent;

(iii). If T is T(t) then tN = T A7 for some Lp-sentence A and Emw A for

some m < n.
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PROOF By main induction on n and subsidiary transfinite induction on «.

(iii) is an immediate consequence of (i) and (ii) holds if the last applied rule
was not (T-Cons). Furthermore if Eoo}% I' arose by an application of any rule
other than (T-Cons) the argument in Lemma 3.10 would suffice to show (i).

Hence we may assume Eoo}g I, T(s) and Eoo}g I, T(neg(s)) for some 8 < «
and term s and the last rule used was (T-Cons). By the induction hypothesis
we deduce M? =T, T(s) and M? |= T, T(neg(s)). If n = 0 we deduce I' may
not be empty and MM =T'. Thus we may assume n = m + 1 > 0. If either T is
empty or M (£ T then MP |= T(s) A T'(neg(s)) as I is T-positive. Therefore
sN = TA7 say, and both Eoo}:::i(m A and Eoo}i:i(m = A hold; hence we may

deduce Eoo}f:i@ (0, in contradiction with the induction hypothesis (ii). That is
(i) and (ii) must hold. n

3.43 REMARK At this point it might be instructive to see why E, in contrast
to Fx, is not closed under —7-Elimination. The proof of Theorem 3.11 (ii) fails
because even if the proof of =17 A7 is assumed cut-free, EOC}% —=T" A" need not
be an axiom. Indeed the last inference could have been (T-Cons). From [11,
p.14] we know that the addition of —T-Elimination would render £ and E
inconsistent. If we take B to be the usual Liar Sentence, that is, PAr proves
B < —T"B7, Baser then proves T"—B" « T"TT" B (see [11, p.14]), and
hence Eol =T™TT B, T"=B" for some a, n. With the help of (T-Del) we

also get Eof— —=TTTT BT, TT BT for some o/, n’. By means of (T-Cons) we
can conclude that }% =TT TTB™ for some 3, m. But =T" B cannot be derived
since this would entail the derivability of B and consequently 771" B and

therefore yield an inconsistency. Thus =7T77T" B provides an explicit example
for the failure of —T-Elimination in E.

3.44 THEOREM Suppose £ - A and n is the length of this derivation, i.e. the
total number of symbols occurring in the proof. Then Eoo}{:—io) A*

PRrROOF Suppose £ F A and the length of this derivation is n. We will show
Em}% A* for some a < f,,(0) by induction on n.

Since —T-Introduction is derivable (in €) from T-Introduction and T-Cons-
istency and applications of T-Elimination are covered by Theorem 3.42 all that
remains is to show T-Consistency is derivable in E.,. This can be obtained by
simply applying the rule (T-Cons) to the axioms -7 (neg(n)), =T (7), T(7) and
~T(neg(n)), =T (1), T(neg(n)). .

Finally we may characterize the proof strength of £.
3.45 THEOREM If A is arithmetical then £+ A iff PA + TI(<pw0) F A.

PROOF The lower bound is provided by Corollary 2.45. For the upper bound
we proceed with essentially the same argument as for Theorem 3.15, but using
the previous Theorem 3.44 in place of Theorem 3.14. n

3.46 COROLLARY |&] = ¢wO. =
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4 Conclusion

We have now established all the technical results needed to locate the truth
theories on the scale of standard theories. The next Definition will recall some
of these standard systems.

4.1 DEFINITION The following theories all share the language of second order
arithmetic (see [26]) with lower case variables z,y, z, ... intented to range over
natural numbers and upper case variables X,Y, Z, ... intended to range over
sets of natural numbers.

The ¥1-DC (Dependent Choice) scheme is the collection of formulae

VaVX3IY B(x, X,Y) = VUIZ[(Z)o = U AVzB(x,(Z) 2, (Z) 4t1)]

where B is ©1. Here by (Z), we refer to the z-th section of the set Z, i.e. (Z),
denotes the set {y | (z,y) € Z} with (.,.) being a standard primitive recursive
pairing function. The system X}-DC, is defined to be ACAy + X}-DC. The
proof-theoretic ordinal of £1-DC,, was determined to be ¢w0 in [5].

The rule
Va[3Y A(z,Y) — VZ B(x, Z))

XV |z € X « JY A(x,Y))

with A(x,Y) and B(x,Z) arithmetical, known as the hyperarithmetic or A}-
comprehension rule, was introduced by Kreisel (cf. [17]). Let A}-CR be the
theory ACA + HCR. The strength of Al-CR was investigated by Feferman and
Schiitte (cf. [7, 22]). Ai1-CR has proof-theoretic ordinal pw0 according to [22,
VIIL, Theorem 23.5].
Another well-known rule is the Bar Rule
WO(=)

(BR) TI(=<,F)

(HCR)

where < is any primitive recursive ordering, WO(<) expresses that < is a well-
ordering, and TI(<, F') asserts transfinite induction along < for arbitrary for-
mulae F(z) of second order arithmetic.

The scheme of parameter-free Bar induction for primitive recursive orderings,
BIER, consists of all formulae

WO(=) — TI(=, F)

where F'(x) may be any formula of second order arithmetic and < is a primitive
recursive ordering whose defining formula does not depend on parameters (for
details see [21]).

The theory ID] is a restricted version of the ubiquitous theory of positive
inductive definitions ID; (cf. [3]) in that the scheme for proof by induction on
the inductively defined predicates is only permitted for formulae in which the
predicates for the inductively defined sets occur positively (cf. [8, 4, 20, 2]).

4.2 THEOREM We shall write T = S to convey that the theories T and S prove
the same arithmetical statements.

(i). A=PA.
(ii). B=C = ACA.
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(iii). D=G =1 =ACAJ = ACAy 4+ BR = ACA( + Bl5y.

(iv). € =F =%}-DC, = A}-CR = ID].

Proor (i) follows from 2.8. (ii) is a consequence of 2.16. (iii) follows from
2.29, 3.27, and 3.35 in conjunction with [21, Theorem 3.5]. The first three
equivalences of (iv) are due to 3.15, 3.45 and Theorem 4.3 of [5].

The equivalence with A1-CR can be obtained from [22, VIII, Theorem 23.5]

while the equivalence with the theory of positive induction ID] follows from [20]
as well as [2]. Many more examples of natural theories of ordinal strength ¢w0

can be found in [16]. n
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